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Abstract
A sales territory design problem faced by a manufacturing company that supplies products to a group of customers located in
a service region is addressed in this paper. The planning process of designing the territories has the objective to minimizing
the total dispersion of the customers without exceeding a limited budget assigned to each territory. Once territories have been
determined, a salesperson has to define the day-by-day routes to satisfy the demand of customers. Currently, the company
has established a service level policy that aims to minimize total waiting times during the distribution process. Also, each
territory is served by a single salesperson. A novel discrete bilevel optimization model for the sales territory design problem
is proposed. This problem can be seen as a bilevel problem with a single leader and multiple independent followers, in which
the leader’s problem corresponds to the design of territories (manager of the company), and the routing decision for each
territory corresponds to each follower. The hierarchical nature of the current company’s decision-making process triggers
some particular characteristics of the bilevel model. A brain storm algorithm that exploits these characteristics is proposed
to solve the discrete bilevel problem. The main features of the proposed algorithm are that the workload is used to verify
the feasibility and to cluster the leader’s solutions. In addition, four discrete mechanisms are used to generate new solutions,
and an elite set of solutions is considered to reduce computational cost. This algorithm is used to solve a real case study,
and the results are compared against the current solution given by the company. Results show a reduction of more than 20%
in the current costs with the solution obtained by the proposed algorithm. Furthermore, a sensitivity analysis is performed,
providing interesting managerial insights to improve the current operations of the company.
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1 Introduction

Territory design or districting problems involve partitioning
a territory or service region into smaller regions called terri-
tories or districts, subject to some relevant constraints [13].
The problem has been shown to be NP-Complete by Altman,
[1]. Territory design problems arise in various contexts, such
as politics, schools, health care systems, emergency services,
and sales territory alignment. In each case, different purposes
may be considered motivated by economic or demographic
considerations. The sales territory design problem has been
defined as the process of grouping small geographic sales
coverage units into larger geographic clusters (sales terri-
tories) such that the territories are acceptable according to
relevant planning and alignment criteria [30].

This research is concerned with a sales territory design
problem faced by a manufacturing company that operates
in Monterrey, Mexico. The operations consist of deliver-
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ing products to a set of fixed customers in the region. The
company has established a service level policy inwhichwait-
ing times for customers should be minimized. The decision
process considers a hierarchical scheme in two interrelated
stages. Decisions of the first stage are taken by the operations
manager of the company,who designs the territories such that
the dispersion of the customers is minimized. After this, each
salesperson determines the route to be followed in the corre-
sponding territory in order to minimize customers’ waiting
times. Hence, routing decisions taken by every salesperson
directly impact the total cost associated with the territory,
which must be verified by the operations manager accord-
ing to a given budget. An important assumption that arises
from the real situation of the company is that the operations
manager cannot impose the delivering routes to the salesper-
sons. The hierarchical nature of the decision-making of the
company motivated us to model the problem under a bilevel
optimization approach, in which the operations manager’s
decisions correspond to the leader’s problem (territory design
decisions) and a salesperson routing decisions correspond to
each follower’s problem (routing).

To the best of the authors’ knowledge, this is the first paper
that considers a bilevel optimization modeling approach for
solving a territory design problem in the literature. Previous
research has been mainly focused on single-stage models
without considering any hierarchy. For instance, in [15] and
[16] stochasticmodels for two stages are considered, but they
did not relate routing and districting decisions as it is done
in this research. To accurately model the situation herein
studied, in which the cost of the routing decisions taken
by the salespersons affects the limited budget of the com-
pany, a bilevel optimization approach is suitable. Another
contribution of this paper is the incorporation of customers’
satisfaction by optimizing the latency in the routing decisions
in each follower’s problem. In routing problems, latency indi-
cates the waiting time for a customer before being serviced.
None of the existing multi-objective optimization modeling
approaches considers the latency of the customers.

Problems involving latency are relevant in several appli-
cations. For instance, in the case of procuring humanitarian
aid in a post-disaster situation, prioritizing the arrival time
to affected areas instead of the total route length can be
critical for minimizing overall damage [17,18,20]. Latency
can also be considered in commercial applications such as
transportation of personnel or perishable goods deliveries, in
which the purpose is to minimize the time spent on board.
In this context, latency prioritizes customer satisfaction and
security over the benefits of the company. The bilevel model
herein proposed considers these characteristics and incorpo-
rated them into the modeling approach.

Bilevel programming problems are difficult to solve by
an exact procedure [26]. Even for the linear case, these
problems are strongly NP-hard [4,10]. Therefore, heuristic

and metaheuristic procedures are good alternatives to tackle
these problems. In particular, population-based algorithms
have shown to be effective for obtaining near-optimal solu-
tions with low computational effort. Therefore, to solve the
case study herein considered, a brain storm optimization
(BSO) algorithm is designed. The BSO algorithm exploits
the particular structure of the proposed bilevel model. As
it was previously mentioned, this research is motivated by
a real life-problem, so the obtained results provide valuable
insights into the company. Numerical experimentation shows
a good performance of the proposed approach yielding to
decisions that improve the current situation of the manufac-
turing company.

The remainder of the paper is organized as follows. Sec-
tion 2 presents a literature review regarding population-based
algorithms for solving sales territory design problems. The
mathematical bilevelmodel is defined inSect. 3. Then, Sect. 4
describes the proposed bilevel BSO algorithm, while Sect. 5
presents the numerical results according to the case study
under consideration, and validates the performance of the
algorithm with additional experimentation. Conclusions and
recommendations for future research are given in Sect. 6.

2 Literature review

Population-based algorithms have been widely used to solve
districting problems over the past years. They can be classi-
fied into two categories: evolutionary and swarm intelligent
algorithms. Evolutionary algorithms mimic the evolution of
species; and, swarm intelligent algorithms aim to simulate the
behavior of living organisms. Some examples of population-
based algorithms are listed in [9].

Evolutionary algorithms (EAs) have been used to solve
districting problems in very different contexts. For instance,
political redistricting [29], districting of the public trans-
portation zones in Paris [27], districting for crowding preven-
tion consideringpreferences of the decisionmaker [14].Also,
genetic algorithms are used in situations such as an electoral
districting problem of Lisbon, Portugal [3], a multiobjec-
tive electoral redistricting problem applied to five US states
(Nebraska, Indiana, Georgia, Iowa, and Pennsylvania) [28],
a districting problem for the response segments of highways
after locating emergency medical systems (ambulances) in
Sao Paulo and Rio de Janeiro [12], and a shelter location
and districting planning problem in the Chaoyang District in
Beijing [11].

More specializedEAshavebeendesigned to solve district-
ing problems. For instance, knowledge-based evolutionary
algorithms and interactive evolutionary computational-based
algorithms have been proposed in [7] and [8], respectively.
The former handles a political districting problem in Tapei
and Kaohsiung cities, and the latter study a redistricting in
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the Philadelphia Council to form legally and fair electoral
districts. A co-evolutionary algorithm has been developed
by [16] to solve a multiobjective dynamic stochastic district-
ing and routing problem; and a Scatter Search algorithm for
a biobjective territory design problem is proposed by [21].

Although EAs have demonstrated to be successful when
dealing with districting problems, swarm intelligence is
an unexplored scheme to solve them. To the best of the
authors’ knowledge, there is only one paper that deals with
an algorithm based on swarm intelligence principles to solve
a districting problem. In [19], a discrete Particle Swarm
Optimization (PSO) algorithm is developed for redistricting
electoral zones. To discretize the PSO, a path relinking pro-
cedure is conducted. Two objectives are considered and the
PSO is adapted to approximate the Pareto front. As a case
study, they consider the redistricting problem of two Mexi-
can states (Chiapas and the State of Mexico). Results show
that higher quality electoral zones are obtained (in terms of
convergence and dispersion) than the ones obtained by a sim-
ulated annealing method.

A recently introduced algorithm based on swarm intelli-
gence is the Brain Storm Optimization (see [24]), and it has
rapidly attracted the interest of researchers [6]. The general
idea is inspired by a working group of persons with differ-
ent backgrounds that conduct a brain storming session for
solving a complex problem. Persons are divided into sev-
eral subgroups based on a certain criterion and interchange
ideas in a structured manner. After some iterations of expos-
ing their own ideas and having feedback from each other, an
acceptable solution to the problem at hand is reached. The
BSO algorithm follows these general ideas but is adjusted
to the particular problem of interest. Despite the fact that
it was initially proposed for dealing with continuous vari-
ables, in [23] and [25] it has been adapted to solve problems
that involve discrete variables. None of those papers deals
with a districting problem. Therefore, we can highlight two
additional novelties of our research, (1) a Discrete Bilevel
Brain Storm Optimization (DBBSO) algorithm is proposed;
and (2) its application to solve a territory design (districting)
problem which considers customers’ satisfaction.

3 Mathematical formulation

First, the definition of sets, parameters, and decision variables
involved in the mathematical model is presented. Let R =
{1, 2, 3 . . . r} be the set of customers, D = {1, 2, 3 . . . p}
the set of sales territories, and V = {1, 2, 3 . . . v} the set of
available vehicles. The parameters involved in the decision
regarding sales territory design are: a maximum allowed tol-
erance τ for the variation in the workload for each territory,
the demand b j of customer j ∈ R, and the euclidean distance
d jh between customers j ∈ R and h ∈ R. For the routing

Fig. 1 Hierarchy between the decision levels. a Upper level, b lower
level

decisions, we further describe the parameters involved. Con-
sider an upper bound m for the maximum number of returns
to the depot in each territory, the maximum time for a shift
S (the same for all the territories), and vehicle’s capacity
Q (homogeneous fleet). Moreover, the total time associated
with customer j ∈ R is computed as follows: t jh = s j +w jh ,
where s j is the service time for customer j ∈ R, and w jh

represents the travel time from customer j ∈ R to customer
h ∈ R.

The leader’s decision variables are:

xi j =
{
1, if customer j ∈ R is allocated to the sales territory i ∈ D

0, otherwise

For each follower (i ∈ D), the corresponding decision vari-
ables are:

y(i)
jk =

⎧⎪⎨
⎪⎩
1, if customer j ∈ R is at the k-th position in the route of

territory i

0, otherwise

z(i)jhk =

⎧⎪⎨
⎪⎩
1, if customer j ∈ R is at the k-th position in the route of

territory i, and customer h ∈ R is the successor

0, otherwise

In the leader’s problem, the operations manager of the
company divides the set of customers into sales territories
aiming to minimize the customers’ dispersion (see Fig. 1a).
This corresponds to the objective function of the prob-
lem, which is estimated as the sum of the distances among
customers in each territory. Hence, the leader’s objective
function is as follows:

min
x

p∑
i=1

r−1∑
j=1

r∑
h> j

d jhxi j xih, (1)

In order minimize customers’ dispersion, the following
constraints are included. Equation (2) guarantees that every
customer must be assigned to a sales territory.
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r∑
j=1

xi j ≥ 1, (i = 1, 2, . . . , p) (2)

Furthermore, a predefined number of p territories must be
created by the company.

p∑
i=1

xi j = 1, ( j = 1, 2, . . . , r) (3)

Additionally, territories are expected to have a balanced
workload with respect to the average demand in the service
region. For this, twoequations are developed toguarantee that
the total demand in each territory is between an acceptable
range (determined by the tolerance parameter τ ).

r∑
j=1

b j xi j ≥ (1 − τ)

(∑r
j=1 b j

p

)
, (i = 1, 2, . . . , p) (4)

r∑
j=1

b j xi j ≤ (1 + τ)

(∑r
j=1 b j

p

)
, (i = 1, 2, . . . , p) (5)

And, the binary nature of the leader’s variables is defined.

xi j ∈ {0, 1} (i = 1, 2, . . . , p; j = 1, 2, . . . , r) (6)

After the leader has determined the sales territories, each
follower knows a priori which customers are assigned to its
territory. Define R(i) = { j ∈ R : xi j = 1} as the subset of
customers associated with territory i , for each sales territory
i ∈ D. Then, |R(i)| is the total number of customers in terri-
tory i ∈ D. It is assumed that each territory is associated with
a single salesperson. Hence, each salesperson is designs the
route to serve the demand of the assigned customers. Note
that salespersons take decisions independently to each other.
When designing the route, a salesperson aims to minimize
the latency of the sales territory (see Fig. 1b). The latency
is computed as the sum of the service time and the travel
time among the customers. In case of running out of prod-
ucts for satisfying the next customer’s demand due to the
capacity of the vehicle, the salesperson returns to the depot.
In order to modeling these returns, fictitious customers are
introduced with zero demand and zero loading time. Define
n = |R(i)| + m−1, where m−1 are the fictitious customers,
as the total customers in that particular territory i ∈ D.
Furthermore, since the latency is focused in customers’ satis-
faction, the last return to the depot is not taken into account.
This is justified by the fact that the last return does not affect
the waiting times of the customers in the route. The result-
ing follower’s objective function for each territory i ∈ D,

considering y(i)
jk and z(i)jhk as variables is as follows:

min
y(i),z(i)

n
n∑
j=1

t0 j y
(i)
j1 +

n∑
j=1

n∑
h=1,h �= j

t jh

n−1∑
k=1

(n − k)z(i)jhk (7)

There are several constraints associated with the fol-
lower’s problem. The first of them guarantees that each
customer occupies a unique position in the route associated
with the corresponding territory.

n∑
k=1

y(i)
jk = 1, ( j = 1, 2, . . . , n) (8)

In a similar manner, it must be ensured that each position
of the route is occupied by a single customer.

n∑
j=1

y(i)
jk = 1, (k = 1, 2, . . . , n) (9)

Also, the following constraints ensure that a customer that
is in position k can precede only a single customer in the
route,and that a customer in the position k + 1 can follow
only a single customer in the route, respectively.

n∑
h=1,h �= j

z(i)jhk = y(i)
jk , ( j = 1, 2, . . . , n; k = 1, 2, . . . , n − 1)

(10)
n∑

h=1,h �= j

z(i)hjk = y(i)
j(k+1), ( j = 1, 2, . . . , n; k = 1, 2, . . . , n − 1)

(11)

Naturally, each salesperson works a maximum number of
hours per shift. Hence, the time limit S of a shift must not be
exceeded.

n∑
j=1

t0 j y
(i)
j1 +

n∑
j=1

n∑
h=1,h �= j

t jh

n−1∑
k=1

z(i)jhk +
n∑
j=1

t j0y
(i)
jn ≤ S

(12)

The following constraints keep track of the accumulated
demand of a route. These constraints help to reinitialize the
accumulated demand of the vehicle in case of returning to the
depot to replenish the products. Define o(i)

k as an auxiliary
variable for updating the cumulative demand up to the k-th
position in the route and territory i ∈ D. As it is pointed out
in [2], when m is overestimated, the solution may include
empty routes which are represented by the consecutive posi-
tions associated with the fictitious customers. However, due
to the follower’s objective function minimizes the sum of the
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delivering times in each sales territory, the unused fictitious
customers are always ordered at the beginning of the route.

oi1 =
|R(i)|∑
j=1

b j y
(i)
j1 (13)

o(i)
k+1 ≥ o(i)

k +
|R(i)|∑
j=1

b j y
(i)
j(k+1)

+ Q

⎛
⎝|R(i)|∑

j=1

y(i)
j(k+1) − 1

⎞
⎠ , (k = 1, 2 . . . , n − 1)

(14)

o(i)
k+1 ≤ Q

|R(i)|∑
j=1

y(i)
j(k+1), (k = 1, 2, . . . , n − 1) (15)

o(i)
k ≥ 0 (16)

The binary nature of the follower’s variables is expressed
in the following constraints.

y(i)
jk ∈ {0, 1} ( j, k = 1, 2, . . . , n) (17)

z(i)jhk ∈ {0, 1} ( j, h = 1, 2, . . . , n;
h �= j; k = 1, 2, . . . , n − 1)

(18)

Finally, once the routes of all the followers have been
created, the cost of each route is evaluated by the leader in
order to verify that the assigned budget to each territory is
not exceeded (coupling constraint). Note that if the budget is
not checked by the leader and it is explicitly considered as a
follower’s constraint, the real conflict and hierarchy between
both decision levels would not be maintained. Given this
condition, the problem is suitable to be modeled as a bilevel
optimization model. An example of a bilevel problem in
which lower level solutions must be verified at the upper
level has been studied in [5]. In other words, the leader does
not impose the routes to the followers, as long as the budget
assigned is respected. If the budget is exceeded, the sales ter-
ritory partition could not be considered. The constraint is as
follows:

n+1∑
j=1

c0 j y
(i)
j1 +

n∑
j=1

n∑
h=1

c jh

n∑
k=1

z(i)jhk+
n+1∑
j=1

c j0y
(i)
j,(n+1) ≤ β(i),

(i = 1, 2, . . . , p) (19)

Therefore, the problem herein modeled is a non-linear
bilevel program with multiple independent followers and
coupling constraints. The bilevel problem is defined by
(1)–(19). In particular, the leader’s problem is defined by

Eqs. (1)–(6) and (19), while each follower’s problem is
defined by Eqs. (7)–(18). Notice that the leader’s variables
does not explicitly appears in the follower’s problem. Nev-
ertheless, the problem is well justified to be modelled as
a bilevel programming problem since the leader’s decision
restricts the solution space of each follower by deciding the
number of customers in each territory. Also, the follower’s
decision affects the leader’s constraint related with the bud-
get. These constraints are known in bilevel programming
as coupling constraints, and tend to increase the complexity
degree of the resulting mathematical model. It is worthy to
highlight that the modeling approach is suitable to be applied
for the problem addressed as there is an evident hierarchy
among both decision levels and their interaction.

The optimistic version of a bilevel problem is assumed.
In other words, in case of the existence of multiple optimal
routes in a specific territory, the one that results more con-
venient to the leader is selected. In this problem, the more
convenient solution is the one that satisfies constraint (19)
with the lower cost.

3.1 Characteristics of themathematical model

In this subsection, an analysis regarding the existing peculiar-
ities in the proposedmodel is presented. These characteristics
are exploited in the proposed solution methodology. Notice
that for a leader’s solution, the follower’s problem can
be solved for each sales territory as territories are formed
according to the leader’s decision. Also, observe that the fol-
lower’s variables are not included in the leader’s objective
function. However, such variables are involved in Eq. (19),
which is associated with the leader’s problem. In order to
clarify this, the special structure of the bilevel problem herein
proposed is further described:

min
x∈X F(x) (20)

s.t. G(x, y) ≤ 0 (21)

where for each sales territory

min
y∈Y f (y) (22)

s.t. g(x, y) ≤ 0 (23)

From an algorithmic point of view, the classical scheme
for solving bilevel problems is as follows: in order tomeasure
the quality of a solution (x, y) of the bilevel problem, x must
be fixed and each follower’s problem parameterized in x is
solved. By doing this, the follower’s solution y is obtained
and then, the leader’s objective function F(x, y) is evaluated.

Given the particular structure of the proposed bilevel
model, the resolution of the follower’s problem parameter-
ized in a leader’s solution x is not required for measuring
its quality. This is evident because the leader’s objective
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function does not contain follower’s variables y; that is, we
can evaluate F(x). But, the follower’s solution y affects the
leader’s problem in the coupling constraints (budget con-
straints) given by G(x, y) ≤ 0. If a solution (x, y) violates
a coupling constraint, then such leader’s solution x must be
discarded regardless if it has a very good quality in F(x).

The definition of the optimistic approach is specified
accordingly with this special structure. Without loss of gen-
erality, consider that, for a given a leader’s solution x , the
follower’s problem has three optimal solutions y1, y2, y3,
such that f (y1) = f (y2) = f (y3). It is clear that the
leader’s objective function F(x) remains the same for any of
these three optimal follower’s solutions. Also, suppose that
G(x, y1) � 0, G(x, y2) ≤ 0, and G(x, y3) ≤ 0. Therefore,
y1 cannot longer be considered but y2 and y3 are still can-
didates for completing the bilevel solution. Bearing in mind
that the optimistic approach considers the follower’s solution
that results more convenient for the leader, the one with the
lowest cost is preferred. That is, if G(x, y2) < G(x, y3),
then y2 is selected and the bilevel solution is conformed by
(x, y2). The reasoning relies on the idea that the leader is
benefited by saving costs from the budget.

4 A discrete bilevel brain storm optimization
algorithm

Motivated by the difficulty for solving the bilevel program-
ming model described in the previous section, we propose
a metaheuristic procedure based on the structure of Brain
Storm Optimization (BSO) algorithms. Exploiting the struc-
ture of the model, the BSO operates over leader solutions.
Note that a solution of the bilevel problem comprises both
leader and followers variables. Therefore, the algorithm con-
structs a set (Set) of partial initial solutions (ideas) that
corresponds to the territory design decision. In this phase,
the leader aims to construct territories with a balanced work-
load (a solution x). In case of infeasible solutions, the second
phase of the algorithm repairs the solution such that a set of
initial feasible leader’s solutions is constructed. This part of
the proposed BSO is divided in five steps:

1. A population of ideas (feasible partial initial solutions)
is generated.

2. All ideas are clustered considering an affinity criterion
and by the k-means algorithm.

3. For each cluster, ideas are ranked.
4. New ideas are generated using combination and pertur-

bation operators.
5. Population is updated including the best ideas from the

previous population and the best new ideas.

The feasibility of the ideas is evaluated in terms of work-
load. This parameter is also used to group them into clusters.
Four mechanisms are designed to generate new ideas. In the
proposed BSO, the population size and the number of clus-
ters are fixed values. Finally, the leader’s objective function
value is used to identify the best ideas (new and old) to be
included ormaintained in the next population. The procedure
of generating ideas is performed until a maximum number
of iterations is reached.

An elite set that includes the best obtained solutions during
the BSO is used to optimally solve the routing problem (fol-
lower solution). After having completed the bilevel solution,
the final step of the algorithm consists in validating bilevel
feasibility (in terms of budget). The output of the algorithm
is the best feasible solution obtained.

Summarizing, exploiting the structure of the bilevel prob-
lem herein considered, the proposed Discrete Bilevel Brain
Storm Optimization (DBBSO) algorithm operates with par-
tial solutions of the bilevel problem.Akeypart of theDBBSO
is that due to the particular structure of the problem, the
leader’s objective function value could be computed only
with the partial solution. Afterwards, solutions are ranked in
an increasing order according to its corresponding leader’s
objective function value. An elite set of the best solutions is
used for solving the resulting follower’s problem implicitly
determined by the leader’s solution. In other words, the opti-
mal routes of each territory in terms of latency are obtained.
Figure 2 illustrates a pseudocode of the proposed DBBSO
algorithm. Each step of the procedure is further described.

4.1 Construction of ideas

The first procedure of the DBBSO algorithm is the construc-
tion of ideas based on sales territory partitions for the leader’s
problem. To start creating the sales territories, one seed is
fixed for each of them. As a result, a set of initial seeds is
created. The procedure to select this set of seeds is based
on the location of points in the plane, and then the seeds
are selected by dividing the region into p radial sectors of
equal size, where p indicates the number of sales territories
to create.

The procedure begins by selecting the two farthest points
which determine the diameter of the circumference that cov-
ers all the customers. Then, the first seed is randomly located
on the circumference. Once the first seed is selected, the cir-
cumference is divided into 360/p sectors. The remaining
p − 1 seeds are further assigned clockwise in the circum-
ference based on the sectors computed. Once the seeds have
been chosen, customers are assigned to territories (initially
formed by a seed) via the best insertion costmechanism. The
allocation rule considers the distance between a customer and
all of the seeds, placing it into the sales territory that corre-
sponds to the closest one. The procedure stops when all the
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Fig. 2 Outline of the DBBSO algorithm

customers have been assigned. Figure 3 presents the pseu-
docode of the constructive procedure.

4.2 Repair

The initial idea constructed in the previous phase only con-
siders the distance among customers and the seeds associated
with the territories. This construction scheme may result in
an infeasible segmentation due to unbalanced workload in
sales territories; that is, Eqs. (4) and (5) of the proposed
bilevel model may be violated. Hence, in some cases, it is
necessary to apply a repair procedure aiming to balance
territories. A preliminary step to sort all territories in an
non-increasing order with respect to their total workload
(accumulated demand) is applied. In this case, territorieswith
higher values are the candidates that could exceed the maxi-
mum limit of theworkloadwhile territorieswith lower values
are the ones that could be under the minimum limit of the
workload. The procedure to balance territories relies onmov-

ing/inserting customers among those territories that are out
of the allowed range limits.

First, the territory with the highest workload value is
selected. In here, the customer that has the highest demand
is moved into the territory with the lowest workload value.
This move is performed, if and only if, the updated workload
of the territory does not exceed the maximum limit. Oth-
erwise, the procedure is repeated and the next customer to
be moved in that territory is evaluated. Once a customer has
been moved to another territory, the workload of both territo-
ries is updated and territories are sorted again. The procedure
is repeated until all sales territories are feasible or when the
maximum number of iterations is reached. In case that the
solution remains infeasible, it is discarded. The pseudocode
of this phase is shown in Fig. 4. The initial construction and
repair phases are repeated until a desired number of ideas are
obtained.

Once the initial population of ideas is constructed, they are
clustered. Then, the process of generating new ones is started
again. In our case, we used a fitness-based grouping consid-
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Fig. 3 Outline of the construction procedure

Fig. 4 Outline of the repair procedure
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Fig. 5 Outline of the grouping procedure

Fig. 6 Outline of the perturbation procedure

ering the k-means algorithm. For this, ideas are ranked in a
non-increasing order according with their workload value.
This parameter helps to include good and bad ideas in each
cluster with respect to the leader’s objective value. To bal-
ance the number of solutions included in each cluster, the
population’s size is defined as a multiple of the number of
required clusters. The pseudocode of the grouping procedure
is shown in Fig. 5.

4.3 Perturbation operator

Once |Set | initial ideas have been constructed, the next phase
of the DBBSO algorithm is to select the two ideas over the
perturbation operator will be applied. This perturbation pro-
cedure consists of a local search that aims to improve leader’s
objective functionwhile procuring feasibility in theworkload
of the territories.

The perturbation operator includes two different neigh-
borhoods that involve movements between pairs of sales
territories. For the first neighborhood, two customers belong-
ing to different sales territories are exchanged; while for the
second one, a customer is removed from one sales territory
and it is inserted into adifferent one.Theseneighborhoods are
named as: Interchange and Insertion. The perturbation (local
search) starts by performing an exploration over the Inter-
change and Insertion, sequentially over the current solution
x . In case when none of the neighorhood searches improve
this solution, it is updated and the loop is applied again. The
procedure ends when no improvement is achieved. For both
neighborhoods, the best improvement criterion is considered
(an applied if and only if the leader’s objective function value
is decreased). The outline is depicted in Fig. 6.

In the Interchange neighborhood, a customer in position a
from sales territory i and a customer in position b from sales
territory j are interchanged. In this case, only the distances of
the arcs involved in the interchange are evaluated. A detailed
pseudocode is shown in Fig. 7.

On the other hand, the Insertion neighborhood operates
by removing a customer in position a from territory i and
inserting it into position b of territory j . Similarly to the Inter-
changemovement, only the distances of the arcs involved in

Fig. 7 Outline of the I nterchange
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Fig. 8 Outline of the I nsertion

the Insertion movement are evaluated. The corresponding
pseudocode is depicted in Fig. 8.

Once the perturbation procedure has been performed, the
resulting idea is evaluated to verify if its corresponding objec-
tive function value has been improved with respect to the
initial idea. If does, then it replaces the initial idea from Set.
This procedure is performed only when indicated between
lines 8–21 of Fig. 2. The best idea obtained is reported as the
result of the procedure.

4.4 Combination operator

This part of the procedure consists of creating new ideas
by randomly combining two existing ideas. To apply this
operator, the ideas to be combined are selected based on the
conditions described in the lines 16 or 19 of Fig. 2.

The first step is to codify each idea using a binary matrix.
The size of thismatrix ism∗nwherem and n denote the num-
ber of clusters and total customers, respectively. The initial
value for all positions is set to zero. For each cluster, posi-
tions of the customers included in each sales territory are
changed to a value of 1 (this change ignores the sequence of
the customer in the cluster and only denotes its assignment).
Figure 9 illustrates an example of the coding procedure.

When both ideas have been coded, the combination
operator is applied. This process starts by separating their
respective binary matrices in two sub-matrices (Si1 and Si2).
To do this, a partition value (random number between 1 and
n) is generated. This value defines the column in which both
binary matrices are divided. After this, the combined proce-
dure is randomly chosen from the following conditions:

Fig. 9 Example of the coding procedure

1. Combine left side (S11) sub-matrix from idea 1 with right
side (S22) sub-matrix from idea 2.

2. Combine left side (S21) sub-matrix from idea 2 with right
side (S12) sub-matrix from idea 1.

Figure 10 shows an example of combination and decoding
procedure.

Once the combined idea is obtained (in binary matrix),
its decoding process is applied. It consists of translating the
combined idea (from binary form) into its corresponding set
of territories. For this, the original form of the combined
ideas is considered. First, elements belonging to the first part
(fist m columns) of the combined idea are included in the
same sequence as in the first original idea (in case of having
intermediate customers belonging to the second part, they
are skipped). This procedure is repeated for the second part
of the second original idea, skipping elements belonging to
the first part.

In Fig. 10, the combined idea incorporates the first six
columns from the binary matrix of idea 1 and the last four
columns of the binary matrix belonging to idea 2. Therefore,
the coded combined idea includes customers 5, 1, 2, 3, and
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Fig. 10 Example of combination and decoding procedures

4 from idea 1 and customers 10, 7, 8, and 9 from idea 2. The
first territory of the combined idea only contains customers 1
and 5, and they are included in lexicographic order according
with the first initial idea. For the second sales territory, only
customer 2 is included from idea 1 and customers 10 and 7
are also included in lexicographic order based on the second
original idea. As it can be seen, customer 1 is skipped from
the second idea because of it does not appear in the solution
of the combined idea. For territories 3, 4, and 5 the same
process is performed.

After this, the workload for each territory in the combined
idea is calculated. In case that at least one district results
infeasible, the procedure is repeated considering the comple-
mentary condition (submatrices S21 and S12 from Fig. 10). If
the combined idea remains infeasible, the partition value is
shifted one position (either to left or right side) until it reaches
the value of 0 or n. If a feasible combined idea is not obtained,
then two new ideas are chosen to be combined (lines 16 or
19 from Fig. 2) until a new feasible idea is obtained.

4.5 Updating process

The updating process consists in selecting the best newideas

and keeping the best old ones to create a new set (new popu-
lation), in which the ideas are clustered again according with
their degree of workload balance. This procedure is repeated
during amaximumnumber of iterations (Maxiter). After this,
the resulting set is used to select an Elite set (including only
the best ideas) for completing those ideas with the optimal
response of the followers.

4.6 Lower level solution

In this phase, every idea (partial leader’s solution x) belong-
ing to the Elite set is completed by solving the followers’
problem. As the latter problem is optimally solved by a com-
mercial solver, only the solutions belonging to Elite set are
completed in order to reduce the computational effort.
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4.7 Bilevel feasibility verification

The last phase of the DBBSO algorithm evaluates the bilevel
feasibility of the ideas previously obtained. This consists of
verifying that the routes obtainedwhen solving the followers’
problem satisfy the budget constraints imposed by the leader.
To reduce the computational effort, the following procedure
is performed: the first idea is selected (that corresponds to the
best one, since the set Elite is properly sorted). Then, the cost
of the route associated with each sales territory is checked to
validate that the budget is not exceeded. If this is the case, the
procedure ends. Otherwise, the solution is discarded and the
procedure is repeated considering the next idea from theElite
set. This procedure is performed as the followers’ variables
are not contained in the leader’s objective function. If none
of the ideas is bilevel feasible in terms of the budget, the
algorithm performs an additional iteration and repeat the last
two steps.

5 Computational experimentation

In this section, numerical results based on the situation faced
by the company of the case study are presented. First, the
details of the case study are described. Then, a comparison
is provided between the current territory design of the com-
pany and the one given by the proposed DBBSO algorithm.
Furthermore, a sensitivity analysis varying some parameters
of the instance studied is also presented and additional exper-
imentation over a set of benchmark instances is shown.

5.1 Case study

Consider the situation faced by a company that operates in
the region of Monterrey in Mexico. The company distributes
products to a set of fixed customers over a service region.Cus-
tomers have a specific demand that must be supplied every
day. The companyoperates based on a districtingfirst-routing
last policy, which means that sales territories are established
and then, the specific route to supply the products in each
territory is designed. Each sales territory is served by a sin-
gle salesperson who has to determine the route to distribute
the products during each day. There is an assigned budget
for each territory imposed by the company. The operations
manager of the company designs the sales territory based on
an estimated demand from historical data and repeat this pro-
cedure every year to redesign the sales territories. The main
objective is to generate territories of compact shape but bal-
ancing their workload. There is a single depot from which
salespersons load the products in the vehicle (respecting its
capacity) and depart to visit the customers. In case of running
out of productswithout serving all the customers demand, the

salesperson returns to the depot to replenish the vehicle. At
the end of the shift, the vehicle returns to the depot.

To generate an instance of the problem that resembles the
current situation of a typical operational day, the location
of the customers served in the municipality of San Nicolas
were collected by a GPS that recorded their coordinates. In
total, 290 customers were identified, which are partitioned
into 10 sales territories. For each customer, the service time
to supply the products (in minutes) and the total demand (in
kilograms) is gathered. With this information on hand, the
distances among customers and depot are computed. Addi-
tionally, since customers are located inside an urban area, the
travelling speed is assumed to be 25 km/h.

The companyhas a homogeneousfleet of 10 vehicles, each
with a total capacity of 1500 kg. The company has four differ-
ent products with different weights (60, 100, 120, and 150g).
For case study, the total weight of the products demanded by
each customer is considered as the equivalent demand. This is
justified as the company aims to balanceworkload in terms of
the total demand rather than the specific products demanded
by the customers, and the commissions of salespersons are
based on the total weight of products.

The company has labor shifts with a maximum length of
10 hours, but the salespersons are allowed to work additional
hours as this increases their sales commissions. In order to
balance the workload content of territories, it is established
that the workload may be in a range of ± 10% from the aver-
age demand per territory. It is assumed that 1 liter of gas costs
$13.96 which allows to travel 6.27 km. Hence, the cost per
kilometer is $2.22. Accordingly, the company has defined
that each territory has a budget of $55 dollars for the distri-
bution of products in a route.

5.2 Numerical experimentation

For comparison purposes, the current situation of the com-
pany is contrasted with the partition obtained by the DBBSO
algorithm. First, the leader’s objective function (dispersion)
and the followers’ one (latency) were evaluated using the
current partition. Despite the fact that we are only concerned
with the leader’s objective function, the values associated
with the objective function of the followers are included for
sakes of comparison. The total dispersion associated with
this partition resulted in 3246 km. Table 1 shows the cor-
responding values of the number of customers assigned to
each territory, the total demand, the total waiting times of the
customers in the route (latency), the length of each salesper-
son’s shift, and the routing costs for the current partition of
the company.

Results show that latency of territories significantly varies
among each other, which is an opportunity area for the com-
pany in terms of the service level policy established. For
example, observe that territory 6 has 29 customers with
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Table 1 Evaluation of the
current design for the sales
territories of the company

Territory No. customers Demand (kg) Latency (h) Shift (h) Cost ($)

1 26 130.28 140.16 10.56 48.16

2 28 144.48 148.07 9.86 55.58

3 27 95.04 127.95 8.67 52.44

4 32 155.16 171.04 10.63 33.24

5 24 92.06 104.99 8.43 31.75

6 29 118.44 137.88 8.61 44.12

7 32 154.2 110.62 6.58 46.23

8 29 134.06 88.40 6.59 34.12

9 28 118.78 89.55 6.12 46.93

10 35 119.74 129.56 6.65 40.87

higher latency than territory 10 that has 35 customers. Even
though the geographical conditions of the area influence on
the results, there is also room for improvement as decisions
are taken empirically.

The same instance was solved by the proposed DBBSO
algorithm, using a 3.60 GHz Intel Core i7-4790 processor
with 32 GB of RAM running under Windows 8.1 Pro. The
algorithm was implemented in Visual Studio XPress 2012,
coded in C++. The followers’ problem (latency minimiza-
tion) was solved via CPLEX 12.6.1.

The current partition presents a dispersion value of
3246.72 on theworkload of territories.After solving the same
instance with the DBBSO algorithm, the dispersion metric
is reduced to 2563.89, indicating a reduction of 21.03%.
Despite the fact that the objective function under considera-
tion in abilevel problem is the one associatedwith the leader’s
problem, the latency is also improved with the DBBSO algo-
rithm. It was improved a 10.68%, from 1248.85 to 1115.36.
The relative gapswere computedwith the following formula:

gap = (Current partition − DBBSO partition)

Current partition
× 100%

(24)

Results show that considering the assumptions of bal-
ancing the workload, the budget in each territory, and the
maximum length of each shift, yield to a better partition with
the proposed algorithm than the current partition used by the
company. That is, the sales territory design obtained by the
proposedDBBSO algorithm significantly reduces the disper-
sion within the territories.

Table 2 shows the latency of each territory for both cases.
The minimum latency for each territory is highlighted in
bold. As observed, most of territories reduced their latency
in the solution found by the DBBSO algorithm. The reason
for which some territories increase their latency is attained
to the fact that the demand and/or the number of customers
is also increased due to balancing constraints. It is impor-

Table 2 Comparative latency results: current partition versus DBBSO
partition

Territory Current latency DBBSO latency Gap (%)

1 140.16 95.36 31.96

2 148.08 96.59 34.77

3 127.95 156.56 − 22.36

4 171.04 108.62 36.49

5 104.99 111.56 − 6.25

6 137.88 137.44 .31

7 110.62 129.65 − 17.20

8 88.40 115.83 − 31.02

9 89.55 74.94 16.31

10 129.56 106.68 17.65

Average 6.06

tant to mention that territories in the obtained partition are
numbered accordingly with territories in the current parti-
tion. This is performed based on the maximum number of
customers in common.

The demand assigned to each territory should be in the
range of the average demand minus/plus a τ% of the aver-
age value. In this case study, the range values correspond to
113.65 and 138.84. Table 3 shows the demand of each ter-
ritory for the current and DBBSO partitions. Values labeled
with a (*) correspond to territories that in the current parti-
tion violate the desired range. As it is required in the model,
the partition found by the DBBSO algorithm satisfies these
workload range limits for all territories.

Table 4 displays the corresponding comparative analy-
sis of the shift length of each sales territory. As it can be
observed, shift length in the current territory configuration
exceeds the proposed time limit established by the company
in two out of the 10 territories (10 h). These values are high-
lighted in bold. Note that the DBBSO algorithm considers
and satisfies the time limit in all of the territories. In addi-
tion, the routing cost incurred by the company at the current
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Table 3 Comparative demand results: current partition versus DBBSO
partition

Territory Current demand (kg) DBBSO demand (kg)

1 130.28 131.82

2 144.48∗ 126.4

3 95.04∗ 124.48

4 155.16∗ 123.78

5 92.06∗ 125.18

6 118.44 119.78

7 154.20∗ 112.40

8 134.06 131.60

9 118.78 138.48

10 119.74 118.32

Table 4 Comparative shift’s length results: current partition versus
DBBSO partition

Territory Current shift (h) DBBSO shift (h)

1 10.56 6.83

2 9.86 6.27

3 8.67 8.84

4 10.63 8.53

5 8.43 8.77

6 8.61 8.61

7 6.58 9.32

8 6.59 9.02

9 6.12 8.49

10 6.65 6.05

partition under the assumptions of the model corresponds to
$433.44, while the cost associated with the DBBSO partition
is $319.60. Hence, there is a cost savings of 26.26%, which
is very significant for the company.

Figures 11 and 12 display the configuration of the sales
territories for the current situation and the heuristic partition,
respectively. It can be observed in the figures that the heuristic
partition finds territories which are better distributed over the
region in terms of the compactness metric.

In summary, numerical results confirm that the proposed
algorithm obtains a partition that outperforms the current
partition implemented by the company, with savings of more
than 20% of their current costs. Furthermore, the algorithm
enables the evaluation of different scenarios to adjust the
territories in case of unforeseen situations (e.g. less number
of vehicles, budget reduction, workload balancing, or the
reduction of the shift length). The next subsection presents a
sensitivity analysis of these parameters to determine if there
is a significant effect on the objective value for the leader
and/or the cost associated with territories.

5.3 Sensitivity analysis

Asensitivity analysis is conducted by varying one-by-one the
parameters involved in the bilevel model. First, the impact
of parameter (τ ), which balances the workload, is analyzed.
The original value in the case study is 0.10, and it is varied by
± 5%.When τ = 0.15, sales territories are allowed to be less
balanced; which in turn, reduces the dispersion in 1.47%. On
the contrary, if τ = 0.05, territories are more restrictive (see
Fig. 13a). Hence, the leader’s objective function is worsened
by around 2%. However, for both values of τ , the total cost
associated with the obtained partition is lower than the total
cost of the current partition employed by the company.

Secondly, the number of sales territories has been varied.
Intuitively, as the number of territories increases, the num-
ber of customers associated with each territory decreases. If
11 territories are considered (an additional salesperson), the
dispersion is significantly reduced (14.3%) but the cost is
increased up to 6.47%. This trend is maintained when con-
sidering 12 and 13 sales territories. On the other hand, there is
no feasible route when considering only nine territories and
the rest of the parameters remain in their original values. To
obtain feasible solutions, longer shifts must be set (11 h). By
doing this, the cost is reduced by 2.7%, while the dispersion
is worsened by 18.25% (see Fig. 13b).

Regarding the shifts length, additional hours does not have
any significant effect neither in the objective function of the
leader nor in the cost associated with the budget. Dispersion
is reduced only around 0.8% but the cost increases in 1.38%.
When 12 h are set as the maximum duration shift, the dis-
persion of territories is worsened in 0.15%, despite of the
total cost improvement of 0.86%. Figure 13c illustrates this
fact. Finally, the variations in the budget are evaluated. If the
budget is reduced from $55 to $40, the solution obtained is
exactly the same. But, when the budget is augmented to $60,
the total cost is decreased by 4.23%. Hence, dispersion is not
significantly affected (see Fig. 13d).

Based on previous results, we can conclude that the
DBBSO algorithm is not sensitive to the parameters involved
in the problem. Furthermore, important findings with respect
to the values of those parameters can be stated to support
the decision-making process of the company’s operations
manager; that is, the definition of the shift’s length, work-
load balancing, and the routing budget of each sales territory.
Finally, a reduction of almost 30% of the current budget does
not modify the best solution obtained by the proposed algo-
rithm. This could lead to potential savings for the company.

5.4 Additional experimentation using random
instances

To validate the robustness of the DBBSO algorithm, addi-
tional experimentation is conducted. A benchmark set of
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Fig. 11 Current partition of the case study

Fig. 12 Partition given by the DBBSO solution

instances is considered, which is generated by varying ran-
domly some parameters of the case study. Two instance sizes
are defined: (150 customers, 6 sales territories) and (290 cus-
tomers, 10 sales territories). The latter corresponds to the
instance size of the case study. For the former, 150 customers
are randomly selected among the original 290. The values
of the average speed are also varied: 20, 25, and 30 km/h;
as well as the values of the workload range from the aver-
age demand per territory: 5, 10, and 15%. Hence, a total of
2 × 3 × 3 = 18 instances were constructed. Each instance
was run five times and the results are shown in Table 5. The
first column indicates the size of the instance; the next three
columns displays the minimum, average, and maximum dis-

persion obtained after the five runs, respectively; and the last
column shows the average deviation obtained.

As shown in Table 5, the proposed DBBSO algorithm
presents a goodperformance.The samebest knownvaluewas
obtained in five out of the 18 random instances. Moreover,
the average deviation obtained is very small. In 17 out of
the 18 instances it is less than 0.5, while the largest average
deviation is 0.68, which is also acceptable.

6 Conclusions and further research

In this manuscript, a bilevel model for a sales territory design
problem has been proposed, motivated by a real case of a
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Fig. 13 Impacts assessment from varying instance parameters

Table 5 Additional results

Instance Mininum Average Maximum Avg dev

(290, 20, 05) 2598.53 2610.57 2622.36 0.46

(290, 20, 10) 2533.82 2533.82 2533.82 0.00

(290, 20, 15) 2480.45 2480.45 2480.45 0.00

(290, 25, 05) 2538.11 2550.02 2573.84 0.47

(290, 25, 10) 2530.20 2541.14 2563.00 0.43

(290, 25, 15) 2492.29 2492.29 2492.29 0.00

(290, 30, 05) 2551.68 2563.15 2575.19 0.45

(290, 30, 10) 2500.18 2517.34 2551.68 0.68

(290, 30, 15) 2478.89 2478.89 2478.89 0.00

(150, 20, 05) 1521.47 1521.87 1522.08 0.03

(150, 20, 10) 1502.89 1503.98 1506.17 0.07

(150, 20, 15) 1497.81 1497.81 1497.81 0.00

(150, 25, 05) 1538.31 1543.56 1546.19 0.34

(150, 25, 10) 1502.89 1505.08 1506.17 0.15

(150, 25, 15) 1497.00 1497.54 1497.81 0.04

(150, 30, 05) 1522.08 1528.44 1541.18 0.42

(150, 30, 10) 1502.89 1507.17 1515.73 0.28

(150, 30, 15) 1497.00 1499.53 1502.89 0.17

manufacturing company that operates in the region of Mon-
terrey, Mexico. Due to the difficulty of optimally solving the
proposed bilevel model, a DBBSO algorithm is proposed for
obtaining good upper bounds of the optimal solution. The
particular structure of the bilevel model in which the leader’s
objective function does not contain follower’s variables is
exploited. Accordingly, the proposed DBBSO algorithm is
able to improve a solution x by an intensification phase
without solving the followers’ problem. Therefore, coupling
constraints must be checked only for the best solutions. By
doing this, the computational effort is significantly reduced
for obtaining high-quality solutions.

To assess the performance of the DBBSO algorithm, an
instance of the problem that resembles the current situation
of a typical operational day for a company was constructed.
For this instance, the partition that corresponds to the cur-
rent situation of the company is compared with the one
obtained by the DBBSO algorithm. Results show that the
leader’s objective function (dispersion metric) and the fol-
lower’s objective function (latency) have better values in
the solution obtained by the DBBSO algorithm. Hence, it
is possible to significantly improve the solution obtained by
the current configuration of the company. This enables the
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company to havingmost of territories with lower latency val-
ues. Regarding the territories’ workload balance, the solution
obtained by the DBBSO algorithm satisfies the range limits
for all territories. This does not happen in the current solution
of the company. Concerning the territories’ shift length, the
current solution does not respect the maximum limit for all
territories. Furthermore, current routing costs are also higher
than the cost of the solution obtained by the DBBSO algo-
rithm.

Numerical results confirm that the DBBSO algorithm out-
performs the current decisions implemented by the company.
In other words, using the new solution, the company can
save more than 20% of their current costs. Additionally, the
DBBSO algorithm offers the possibility to vary the values
of the parameters in order to evaluate different scenarios
and address potential disruptive or unforeseen situations (e.g.
the reduction of available vehicles, budget cuts, tightness in
workload, or reduction in labor shift). TheDBBSOalgorithm
can be also used to determine the best configuration in case of
having additional resources. Finally, as results of the sensi-
bility analysis showed, the DBBSO algorithm is not sensitive
to changes in the values of the main parameters involved in
the problem.

As further research, themodel can be extended to incorpo-
rate other decision variables, such as inventory management
decisions, as it is pointed out in [22]. In this case, the fre-
quency of visiting customers to satisfy their demand can also
be defined. Recall that in the proposed model, the frequency
is considered as an input parameter. A stochastic version of
the problem can be also formulated, considering that demand
of products may vary.
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