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Abstract

This paper presents a new algorithm, PCLPSO, based on particle swarm optimization, which uses comprehensive learning particle
swarm optimizer. Our algorithm executes C parallel CLPSO algorithms. We adopted as a criterion of completion a maximum value
of evaluations of the objective function. During the execution of the CLPSO algorithms, when a certain evaluation value of the
functions is reached, the best k are selected, and different initialization criteria are applied to continue the execution of the CLPSO
algorithms: restarting the worst ones for the best solution or restores the worst ones to a random solution. For this restart, we use
the Boltzmann criterion in a similar way as Simulating Annealing (SA) does. In this work, the experimental results obtained for the
search of the minimum of 16 multimodal test functions such as Rosenbrock, Griewank, Rastrigin, Brannin, Schwefel, and others.
Our algorithm proved to be more efficient than the traditional CLPSO in its experimental results, and the nonparametric Wilcoxon
test confirmed this.
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1. Introduction

The problems of continuous optimization try of finding the minimum (or maximum) of a function subject to
conditions on the search space. These functions by their mathematical complexity and a high number of variables, can
not be solved with traditional methods of searching for ends, and that many computational resources and time would
be used to find a solution. The other implicit problem with these algorithms is that they can find a local minimum
(or maximum) but there may not found be the absolute minimum (or maximum) due to the complexity of the search
space [1, 2].
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Abstract

This paper presents a new algorithm, PCLPSO, based on particle swarm optimization, which uses comprehensive learning particle
swarm optimizer. Our algorithm executes C parallel CLPSO algorithms. We adopted as a criterion of completion a maximum value
of evaluations of the objective function. During the execution of the CLPSO algorithms, when a certain evaluation value of the
functions is reached, the best k are selected, and different initialization criteria are applied to continue the execution of the CLPSO
algorithms: restarting the worst ones for the best solution or restores the worst ones to a random solution. For this restart, we use
the Boltzmann criterion in a similar way as Simulating Annealing (SA) does. In this work, the experimental results obtained for the
search of the minimum of 16 multimodal test functions such as Rosenbrock, Griewank, Rastrigin, Brannin, Schwefel, and others.
Our algorithm proved to be more efficient than the traditional CLPSO in its experimental results, and the nonparametric Wilcoxon
test confirmed this.

c© 2018 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license (https://creativecommons.org/licenses/by-nc-nd/4.0/)
Selection and peer-review under responsibility of the 3rd International Conference on Computer Science and Computational
Intelligence 2018.

Keywords: Particle Swarm; Simulating Annealing; Parallel Implementation; Metaheuristics; Combinatorial optimization

1. Introduction

The problems of continuous optimization try of finding the minimum (or maximum) of a function subject to
conditions on the search space. These functions by their mathematical complexity and a high number of variables, can
not be solved with traditional methods of searching for ends, and that many computational resources and time would
be used to find a solution. The other implicit problem with these algorithms is that they can find a local minimum
(or maximum) but there may not found be the absolute minimum (or maximum) due to the complexity of the search
space [1, 2].

∗ Corresponding author. Tel.: +52-155-2129-9929 ; fax:+52-55-5482-1600.
E-mail address: fmartin@up.edu.mx

1877-0509 c© 2018 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license (https://creativecommons.org/licenses/by-nc-nd/4.0/)
Selection and peer-review under responsibility of the 3rd International Conference on Computer Science and Computational Intelligence 2018.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.procs.2018.08.196&domain=pdf
https://creativecommons.org/licenses/by-nc-nd/4.0/


450 Felix Martinez-Rios et al. / Procedia Computer Science 135 (2018) 449–456
2 Felix Martinez-Rios / Procedia Computer Science 00 (2018) 000–000

Optimization is a problem which research has become important because of the needs of different fields such as
engineering, manufacturing processes, physical sciences, patterns recognition, etc. The necessity for faster and more
efficient optimization algorithms has increased through the years. The most common problems of the old optimization
algorithms were the trend to get caught in local minimums, so global optimization algorithms began to be investigated.

In the latest years, algorithms based on collective nature learning were developed, like Genetic Algorithms [3],
Ant Colony Optimization [4], Particle Swarm Optimization [5], Artificial Bee Colony Algorithm [6], among others.
Probably, the most popular this methods is the Particle Swarm Optimization (PSO), which takes some important
features of the others and simulates the behavior of animal swarms, working in groups. During the years, this algorithm
was modified for improving its effectiveness, such as introducing an inertia weight to control the velocity updates [7]
to avoid premature convergence. Liang et al. [8] developed the Comprehensive Learning PSO (CLPSO).

In CLPSO the diversity of the swarm is preserved by using not only the best position of the swarm but also the
best position of different particles to learn from and update the velocities so that there is no inclination to move all the
particles to a specific area of the search space. Huang proposed the Example-based learning PSO (ELPSO) [9] with
the idea that multiple elite examples can influence crowds, using different best swarm positions values.

2. Particle Swarm algorithm and new parallel implementation

The algorithms inspired by a swarm of particles were created observing the behavior by animal grazing, bird
clustering, ant colonies and Bacterial growth. Typically, algorithms inspired by swarms of particles simulating a group
of animals that have no leader, and each element follows the closest group member [10, 11, 12].

There are numerous variants for the PSO, but his most important deficiency is the premature convergence when
solving multimodal problems. In the original PSO, each particle learns at the same time from itself and the swarm.
Particles may easily move to the local minimum if the search environment has numerous local minimum. Liang et al.
proposed new learning strategies to improve the original PSO [8, 13, 14].

2.1. PCLPSO a Parallel Comprehensive Learning Particle Swarm Optimizer

This paper presents a parallel implementation of CLPSO algorithm and two additional components Intensification
and Diversification [15]. The algorithm executes a set of CLPSO when each of these reaches a functions evaluation
values predetermined (FET), all return the best partial solution obtained. Table 1 shows the pseudocode of this new
algorithm. The multimodal problem’s formulations and the detailed step by step description of CLPSO algorithms,
can be found in [8] and [15].

Table 1. PCLPSO: Parallel Comprehensive Learning Particle Swarm Optimizer.

1 procedure PCLPS O(N,C,NIT, k BES T,MAX NI)
2 for each c in C
3 Nc = N,NITc = NIT, S best

c = S
4 NI = 0
5 while NI ≤ MAX NI
6 for each c in C
7 S c = CLPS O(S c,N,NIT ) \ \ CLPSO algorithms are executed in a parallel way NIT iterations
8 if F(S best

c ) > F(S c) then fc = F(S c) , S best
c = S c

9 if F(S best
c ) > F(S best) then S best = S c

10 f k = k BES Tc∈C fc , Υ = {c ∈ C, fc < f k}
11 for each c in Υ
12 Restart the algorithms
13 return S best

14 end PCLPS O

PCLPSO runs a set C of CLPSO algorithms with N particles, which are initialized on lines 1, 2 and 3. From line 5 to
line 12, the set of C CLPSO algorithms are executed, while the number of iterations NI is smaller than the maximum
number of MAX NI.
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In line 7 C CLPSO are launched, each algorithm return his best solution S best
c when reached NIT iterations. In line

8 if S best
c solution improves the best solution for this c launching, fc is updated and in line 9 if this S best

c becomes the
best global solution S best if it improves the best value obtained.

Line 9 selects the best k BES T executions, and the remaining Υ are initialized and restart the execution of the
algorithm according to the following criteria:

1. Restart the execution of CLPSO to a random initial solution.
2. Continue its execution but with one of the best K BES T solutions.
3. Restart execution to a random solution or continue to depend on Boltzman’s criteria similar to how Simulating

Annealing does [16, 17, 18, 19].

In case 1 for the CLPSO algorithm, a random initial solution is generated, and its execution is restarted based on
this new initial solution. In the second case, one of the best solutions obtained is randomly selected so that one of the
worst algorithms tries to improve it. In case 3, a method similar to that of Simulating Annealing is used to determine
if one of the worst solutions remains in execution or is restarted. To do this, we evaluate the Equation 1.

g(NI) = e

{
−1

log[ MAX NI
NI ]

}

(1)

In line 12 With the value of Equation 1 for each c of the CLPSO algorithms in Υ if the value of g(NI) is less than
random number random[0, 1) this algorithm is not reset. Otherwise, g(NI) > random[0, 1) resets the algorithm to a
random solution [20].

As it can be seen from equation 1, for values of NI � MAX NI, g(NI) → 0, there is a high probability that
algorithms that have found worse solutions will continue to try to improve them. On the other hand, when NI
approaches MAX NI, the probability that an algorithm with worse results will continue to evolve is very low because
of g(NI) → 1. With this criteria, at the end of each partial execution, two processes are carried out: when a lot of the
runs are reinitiated from the best solution an intensification takes place, or when the elite results continue its evolution
the diversification is used [21].

3. Experiments

3.1. Benchmark function

For the experiments, 16 test functions of different categories were used.

1- Sphere model

f1 =
D∑

i=1
x2

i

2- Schwefel’s Problem 2.22

f2 =
D∑

i=1

∣∣∣x2
i

∣∣∣ + D∏
i=1
|xi|

3- Schwefel’s Problem 1.2
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f3 =
D∑

i=1

(
i∑

j=1
x j

)2

4- Schwefel’s Problem 2.21

f4 = max {|xi| , 1 ≤ i ≤ D}

5- Generalized Rosenbrock’s function

f5 =
D−1∑
i=1

[
100 ∗

(
xi+1 − x2

i

)2
+ (xi − 1)2

]

6- Step function

f6 =
D∑

i=1
(�xi + 0.5�)2

7- Quartic function i.e. Noise

f7 =
D∑

i=1
i ∗ x4

i + random [0, 1)

8- Schwefel’s function 2.26

f8 =
D∑

i=1

(
xi ∗ sin

(
|xi|0.5

))

9- Generalized Rastrigin’s function

f9 =
D∑

i=1

[
x2

i − 10 ∗ cos(2 ∗ π ∗ xi) + 10
]

10- Ackley’s function

f10 = −20 ∗ exp

−0.2 ∗
√

1
D

D∑
i=1

x2
i

 −exp
(

1
D ∗

D∑
i=1

cos(2 ∗ π ∗ xi)
)
+ 20 + e

11- Generalized Griewank’s function

f11 =
1

4000 ∗
D∑

i=1
x2

i −
D∏

i=1
cos
(

xi√
i

)
+ 1

12- Generalized Penalized function 1

f12 =
π
D

{
10 ∗ sin2 (π ∗ y1)

}

+ πD

{
D−1∑
i=1

{
(yi − 1)2

[
1 + 10 ∗ sin2 (π ∗ yi+1)

]}
+ (yn − 1)2

}

+
D∑

i=1
u (xi, 10, 100, 4)

u(x, a, k,m) =


k ∗ (x − a)m if x > a
0 if − a ≤ x ≤ a
k ∗ (−x − a)m if x < −a



 Felix Martinez-Rios et al. / Procedia Computer Science 135 (2018) 449–456 453

4 Felix Martinez-Rios / Procedia Computer Science 00 (2018) 000–000

f3 =
D∑

i=1

(
i∑

j=1
x j

)2

4- Schwefel’s Problem 2.21

f4 = max {|xi| , 1 ≤ i ≤ D}

5- Generalized Rosenbrock’s function

f5 =
D−1∑
i=1

[
100 ∗

(
xi+1 − x2

i

)2
+ (xi − 1)2

]

6- Step function

f6 =
D∑

i=1
(�xi + 0.5�)2

7- Quartic function i.e. Noise

f7 =
D∑

i=1
i ∗ x4

i + random [0, 1)

8- Schwefel’s function 2.26

f8 =
D∑

i=1

(
xi ∗ sin

(
|xi|0.5

))

9- Generalized Rastrigin’s function

f9 =
D∑

i=1

[
x2

i − 10 ∗ cos(2 ∗ π ∗ xi) + 10
]

10- Ackley’s function

f10 = −20 ∗ exp

−0.2 ∗
√

1
D

D∑
i=1

x2
i

 −exp
(

1
D ∗

D∑
i=1

cos(2 ∗ π ∗ xi)
)
+ 20 + e

11- Generalized Griewank’s function

f11 =
1

4000 ∗
D∑

i=1
x2

i −
D∏

i=1
cos
(

xi√
i

)
+ 1

12- Generalized Penalized function 1

f12 =
π
D

{
10 ∗ sin2 (π ∗ y1)

}

+ πD

{
D−1∑
i=1

{
(yi − 1)2

[
1 + 10 ∗ sin2 (π ∗ yi+1)

]}
+ (yn − 1)2

}

+
D∑

i=1
u (xi, 10, 100, 4)

u(x, a, k,m) =


k ∗ (x − a)m if x > a
0 if − a ≤ x ≤ a
k ∗ (−x − a)m if x < −a

Felix Martinez-Rios / Procedia Computer Science 00 (2018) 000–000 5

y(x) = 1 + ( 1
4 ∗ x + 1)

13- Generalized Penalized function 2

f13 = 0.1 ∗ sin2(π ∗ 3 ∗ x1)

+0.1 ∗
D∑

i=1
(xi − 1)2[1 + sin2(3 ∗ π ∗ xi+1)] +0.1 ∗ (xD − 1)2[1 + sin2(2 ∗ π ∗ xD)]

+
D∑

i=1
ui(xi, 5, 100, 4)

u(x, a, k,m) =


k ∗ (x − a)m if x > a
0 if − a ≤ x ≤ a
k ∗ (−x − a)m if x < −a

14- Six-Hump Camel-Back function

f14 = 4 ∗ x2
1 − 2.1 ∗ x4

1 +
1
3 ∗ x6

1 + x1 ∗ x2 − 4 ∗ x2
2 + 4 ∗ x4

2

15- Branin function

f15 =
(
x2 − 5.1

4π2 ∗ x2
1 +

5
π
∗ x1 − 6

)2
+ 10 ∗

(
1 − 1

8π

)
cos (x1) + 10

16- Goldstein-Price function

f16 =
[
1 + (x1 + x2 + 1)2 ∗

(
19 − 14 ∗ x1 + 3 ∗ x2

1 − 14 ∗ x2 + 6 ∗ x1 ∗ x2 + 3 ∗ x2
2

)]

∗
[
30 + (2 ∗ x1 − 3 ∗ x2)2

(
18 − 32 ∗ x1 + 12 ∗ x2

1 + 48 ∗ x2 − 36 ∗ x1 ∗ x2 + 27 ∗ x2
2

)]

The search spaces and initialization ranges for each function are in Table 2.

Table 2. Functions, global minimum (x∗), value of global minimum ( f (x∗)), search space and initialization ranges.

Function number x∗ f (x∗) Search space Initialization range

f1 [0,0,....,0] 0 [-100,100] [-100,100]
f2 [0,0,....,0] 0 [-10,10] [-10,10]
f3 [0,0,....,0] 0 [-100,100] [-100,100]
f4 [0,0,....,0] 0 [-100,100] [-100,100]
f5 [1,1,....,1] 0 [-30,30] [-30,30]
f6 [0,0,....,0] 0 [-100,100] [-100,100]
f7 [0,0,....,0] 0 [-1.28,1.28] [-1.28,1.28]
f8 [420.9687,420.9687,....,420.9687] -418.9829 ∗ D [-500,500] [-500,500]
f9 [0,0,....,0] 0 [-5.12,5.12] [-5.12,5.12]
f10 [0,0,....,0] 0 [-32,32] [-32,32]
f11 [0,0,....,0] 0 [-600,600] [-600,600]
f12 [1,1,....,1] 0 [-50,50] [-50,50]
f13 [1,1,....,1] 0 [-50,50] [-50,50]
f14 (0.08983,-0.7126),(-0.08983,0.7126) -1.0316285 [-5,30] [-5,5]
f15 (-3.142,12,275),(3.142,2.275),(9.425,2.425) 0.398 [-5,15] [-5,15]
f16 (0,-1) 3 [-2,2] [-2,2]

3.2. Experiments design

From function, f1 to function f13 the dimension D was fixed on 30. The maximum iteration value was set at
M = 5000, and each execution was repeated 30 times. The value of NIT was fixed at 500; this means that every
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500 iterations each of the CLPS O(S c,N,NIT ) (in line 7 on Table 1) algorithms return the best solution found for the
reinitialization process to take place in the code line 12 of the algorithm shown in Table 1. This value of 500 iterations
was experimentally tuned.

Each CLPSO algoritm uses a 40 particles swarm and wi = tw0(w0 − w1)/M, w0 = 0.9, w1 = 0.4 and M is the
maximum of iterations.

The PCLPSO algorithm was executed on ten threads, and the best three were determined, that is K BES T = 3, and
the size of set C was 10. These values were also experimentally determined. The CLPSO and PCLPSO algorithms
were developed in Visual Studio C# and executed in an environment with the following characteristics:

• Windows 10 Professional 64 bits.
• Dell XPS 15 with 16 Gb in RAM.
• Processor Intel Core i7-6700HQ at 2.60 GHz.
• 512 Gb Solid State Hard Disk.

The PCLPSO algorithm was executed using the three possible reinitialization metaheuristics and with each of the
16 functions. For each function and metaheuristic, 30 executions were made and the minimum value of the objective
function and the time taken to find it was saved. From these 30 measurements, the mean and standard deviation of the
sample was calculated, and we used the Wilcoxon nonparametric test to compare our results with those reported for
the algorithms of CLPSO [8], and ELPSO [9].

Table 3. Results of experiments.
PCLPSO

Function number CLPSO ELPSO Reset to zero Reset like SA Reset to the best partial solution

f1 4.46E-14 4.8E-93 4.21E-16 5.09E-16 1.84E-16
f2 3.79E-12 1.41E-12 2.63E-11 2.244E-11 1.42E-11
f3 4.68E-3 8.45E-12 5.73E-15 6.13E-15 2.42E-15
f4 2.6 2.7E-07 4.1 4.1 3.3
f5 21 9.82 3.20 4.01 5.70
f6 0 0 0 0 0
f7 0.0057 0.0039 0.0031 0.0019 0.0012
f8 -9.54E+3 -1.22E+4 1.26E+4 1.26E+4 1.26E+4
f9 4.85E-10 0 0 0 0
f10 0 0 6.47E-09 6.08E-09 3.97E-09
f11 3.14E-10 0 1.72E-14 7.99E-15 2.68E-15
f12 1.12E-11 3.02E-17 1.12E-17 8.52E-18 2.98E-18
f13 1.07E-11 2.88E-17 6.10E-16 5.96E-16 2.15E-16
f14 -1.031 -1.031 -0.932 -0.904 -0.774
f15 0.398 0.398 0.398 0.398 0.398
f16 3 3 3 3 3

The aim is to search the global minimum for each test functions (described in 3.1). The criterium used to determine
the winner algorithm is: which is the one that more got closer to the global minimum showed in column f (x∗) of Table
2. In Table 3, you can see the results of the minimums found with each of the algorithms. The cases in which only one
of the algorithms was the best in the search for the minimum are highlighted in bold letters.

For functions Step ( f6), Branin ( f15) and Goldstein-Price ( f16) the four algorithms arrived at the correct solution.
The CLPSO algorithm in Ackley’s function ( f10) obtains the best value as does the ELPSO algorithm. While the
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ELPSO algorithm was the best for the functions Sphere model ( f1), Schwefel’s Problem 2.22 ( f2), Schwefel’s Problem
2.21 ( f4), Generalized Griewank’s ( f11) and Generalized Penalized function 2 ( f13).

ELPSO obtained the expected solution in Generalized Rastrigin’s function ( f9) and Six-Hump Camel-Back ( f14)
as well as the new PCLPSO algorithm.

The new PCLPSO algorithm in some of its reinitialization variants was the best performance in the functions
Schwefel’s Problem 1.2 ( f3), Generalized Rosenbrock’s ( f5), Quartic function i.e. Noise ( f7), Schwefel’s function
2.26 ( f8) and Generalized Penalized function 1 ( f12).

Table 4. Runtime of algorithms in seconds.

Function Reset to zero Reset like SA Reset to the best partial solution
f1 4.78 6.80 6.91
f2 2.97 4.96 5.46
f3 35.03 36.23 23.53
f4 3.08 4.98 6.28
f5 9.05 11.47 9.98
f6 4.72 6.92 7.32
f7 7.53 11.21 12.08
f8 7.62 10.01 8.94
f9 7.19 9.58 8.50
f10 7.34 9.81 8.86
f11 7.87 10.21 9.10
f12 9.79 12.58 10.49
f13 10.03 12.67 10.33
f14 2.95 5.49 5.04
f15 2.55 4.85 4.91
f16 3.00 4.93 5.03

In Table 4 we can observe the execution time of our algorithms in their three ways to continue execution when
each CLPSO reached the iteration to partially stop execution and return the best algorithm solution obtained. For reset
to zero, the average time was 7.84s, for the reset similar to the SA, was 10.17s and finally for the restart to one of
the best the algorithm spends 8.92s. The worst runtime was presented with Schwefel’s Problem 1.2, and it took 36.23
seconds. In general, the algorithms find good results and in relatively small execution time.

4. Conclusions

This paper presents a new algorithm for optimization based on a parallel execution implementation of the CLPSO
algorithm. 16 functions were tested, of which 13 have dimension 30 and three dimensions 2.

The results proved that our algorithm was superior to CLPSO and ELPSO in five of the test functions:
Schwefel’s Problem 1.2, Generalized Rosenbrock’s function, Quartic function i.e. Noise, Schwefel’s function 2.26,
and Generalized Penalized function 1. The new PCLPSO algorithm equalized CLPSO and ELPSO in three of the
test functions: Step, Branin, and Goldstein-Price function. In test function Generalized Rastrigin’s both PCLPSO and
ELPSO were winners.

Our PCLPSO algorithm was worse than other in seven of the test functions: Sphere model, Schwefel’s Problem
2.22, Schwefel’s Problem 2.21, Ackley, Generalized Griewank’s, Generalized Penalized function 2, and Six-Hump
Camel-Back function. It was also shown that the execution time of the algorithms was very small and in the worst
case it takes approximately 36 seconds.
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For future work, we will carry out other strategies to reinitialize at each stop of the CLPSO executions to achieve
a better exploration of the search space and determine the absolute minimums with greater accuracy and speed.
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