
CARE: Heuristics for Two-Stage Multi-Product Inventory 

Routing Problems with Replenishments 

 

 

 

Abstract : The integration of distribution and routing constitutes the Inventory Routing Problem 

(IRP), an important aspect of Vendor Managed Inventory (VMI) systems. IRP involves decisions on 

timing of deliveries, sizes of shipments and routing of vehicles. In the context of supply chain 

collaboration, the scope of IRP expands to include replenishments at the depot. This paper studies an 

IRP involving multiple products from different suppliers, a central depot (CD) and a set of 

warehouses. We develop an Integer Linear Programming (ILP) model to determine the 

replenishments from suppliers to the CD using a dynamic programming (DP) model. Then, the 

routing of vehicles from CD to the multiple warehouses is modeled as a capacitated IRP (CIRP) 

problem. The CIRP is solved using the proposed three-phase heuristics procedure called CARE 

(Clustering, Allocation, Routing -Extended) to Cluster the nodes, Allocate to these nodes and Route 

delivery vehicles through clusters of nodes. Three variants of heuristics are proposed based on the 

changes to the routing phase – CARE1, CARE2, and CARE3. Computational results for a broad range 

of test instances yield promising results and show usefulness of the solution approaches. Particularly, 

the proposed heuristics outperformed CPLEX upper bounds for larger problems with lesser 

computational effort. The average improvement obtained by the heuristics over CPLEX upper bounds 

for 15 and 20 warehouse problems, respectively, are: CARE1 - 0.94% and 3.6%, CARE2- 1.36% and 

4.26%, CARE3 – 2.87% and 6.08%. The proposed approaches can easily be implemented into existing 

VMI systems. 
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1. INTRODUCTION 

In today’s competitive market, performance of various supply chain entities depends on how 

they integrate with the entire supply chain and how the supply chain performs. Since 

networks are becoming more complex due to globalization factors, including considerable 

demand variability, the shippers are now putting more emphasis on logistics. Handling of 

such complex logistic networks with high level of customization and services expected by 

customers requires the development of various strategies to keep the transportation and 

inventory costs as low as possible. Vendor Managed Inventory (VMI) systems have been 

effective in aiding coordination between shipper and customer. They seek to reduce the total 

costs by providing suppliers with the advantage of consolidating shipments. The supplier in 

turn, takes the responsibility of managing inventory at customer’s end, thereby enhancing the 

integration of inventory and transportation. VMI strategies in Supply chains are proven to 

have short-term and long-term savings in transportation costs (Disney et al., 2003). 

 An important aspect of VMI systems is the integration of distribution and routing, 

which is known as the Inventory Routing Problem (IRP). IRP deals with the drafting of real-

time plans at a tactical level. It is concerned with the distribution of items through chosen 

routes to a set of customers with varying daily demands and the management of inventory 

such that no customer runs out of stock at any time (Ramkumar et al., 2011). Applications of 

the IRP have been successful studied in many industries, including supermarkets, store 

chains, clothing, automotive (Campbell and Savelsbergh, 2004), soft drink (Miyamoto and 

Kubo, 2001), and petrochemical (Li et al., 2013; Vidović et al., 2014).  Synergic interactions 

between decision areas like inventory and transportation provide companies with 

opportunities for real benefits (Coelho and Laporte, 2013). According to Fu and Fu (2010), 

the IRP models could result in a savings of about 7.3%, compared to optimization of these 

problems in an independent manner.  
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Literature on distribution network design primarily focuses on three main issues: (1) 

the location selection for distribution facilities, (2) the vehicle routing problem, and (3) the 

inventory control problem. Many authors have addressed two of the above problems together 

in an integrated manner, for instance, the inventory–routing problem, the location–routing 

problem and the location–inventory problem. Based on various characteristics of the supply 

chain, many variants of the problem have evolved over the past three decades. The variants 

are based on parameters such as: (1) number of products, (2) number of entities in the supply 

chain, and (3) time horizon and fleet characteristics (size and composition). Scientific 

research on the IRP is relatively recent compared to that on related optimization problems, 

such as the Vehicle Routing Problem (VRP), and most of it focuses on the single vehicle case 

(Coelho et al., 2012). However, considering multiple vehicles reflects a more realistic 

approach and provides useful decision-making scenarios. In the context of supply chain 

collaboration, the scope of the study on IRP expands to include replenishments at the depot. 

Collaborative activities in transportation and warehousing are on the rise owing to the 

budding Third Party and Fourth Party logistics service providers (TPLs) and their 

infrastructure for logistic functions. The hub-routing (routing through a central depot) 

strategy has some advantages such as packing, storing, bulk-breaking activities etc., over 

direct-shipping strategy to transfer goods from supplier to customer. Croxon et al. (2003) 

developed integer programming (IP) formulations and solution methods for addressing 

operational decisions in merge-in-transit distribution systems. Since, most of the 

manufacturers have several product profiles, the consideration of multiple products is 

necessary, which makes the operational decisions in the problem critical. Huang and Lin 

(2010) studied multi-item IRP for a one warehouse, multi-retailer system under conditions of 

uncertain demand. However, as per our research, current literature does not seem to consider 

an IRP involving multiple products from different suppliers, a central depot and multiple 

warehouses, though such networks are widely operated in practice. Therefore, this paper 
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studies an IRP involving multiple products from different suppliers, a central depot and a set 

of warehouses. 

In this study, we consider a supply chain network with multiple manufacturers, 

supplying multiple products to multiple warehouses through a central depot. The problem is 

modeled as an mixed integer linear program (MILP). Even though exact approaches like ILP 

provide optimal solution, achieving best results with minimal computational effort is 

necessary in practical applications. In addition, it is difficult to develop an exact algorithm for 

solving IRP with reasonable sizes as the problem is NP-hard (Archetti et al., 2007; Engineer 

et al., 2012). A trade-off between solution quality and computational effort is inevitable. In 

this study, we propose a hybrid methodology for solving the problem in multiple stages in 

order to minimize computational efficiency. This approach includes clustering of nodes based 

on proximity, allocation of inventories to nodes in each period, and routing of vehicles 

through the nodes. In particular, through a careful combination of heuristics and meta-

heuristics, the present problem is solved in three stages. 

The remainder of the paper is organized as follows: Section 2 provides a review of 

literature pertaining to the different variants of the IRP and solution methods. In Section 3, 

we describe the problem and provide the MILP model for the problem. Section 4 discusses the 

heuristic procedure developed for the problem. Computational study and results are discussed 

in Section 6. Section 7 presents some conclusions and future research directions. 

2. LITERATURE REVIEW 

Literature related to the IRP has addressed few variants with various assumptions and 

proposed wide range of models/solution approaches. The possible prevailing variants of the 

IRP can be categorized into various classes based on the following characteristics (see Figure 

1): time horizon, nature of demand, inventory, products, vehicles, vehicle composition, and 

the network structure.  
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Early literatures define inventory routing as “combined inventory and distribution 

problems”. Federgruen and Zipkin (1984), Burns et al. (1985), Blumenfeld et al. (1985) and 

Roundy (1985) were amongst the earliest researchers to study this problem. The authors 

focused on IRP which deals with a very short planning horizon, requiring no more than one 

visit per customer. By 1985, Droret al. (1985) addressed IRP and compared different 

algorithms for computational efficiency. The primary objective was to balance the inventory 

cost and the cost associated with stock-outs at the customer’s end with the routing costs. 

Figure 1. Classification of Inventory Routing Problems 

 

  Our study falls within the finite time horizon problems. Under this category, multiple 

visits to customer sites are permitted. Each planning period is assumed to be independent of 

its preceding and succeeding periods. Finite time horizon problems are the ones that better 

represent real world scenarios, from an operational level decision making perspective *.  

 Miller (1987) dealt with a fleet scheduling and inventory resupply problem faced by 

an international chemical organization. The author analyzed the problem using a network 

                                                           

 
*
However, long-term effects were not considered. When such an assumption is not valid, a rolling horizon 

approach can be used. 
 

Time Horizon 
Number of 

Products 
Routing 

i. Finite 

ii. Infinite 

i. Single 

ii. Multiple 

i. Single destination 

ii. Multiple destinations 

iii. Continuous routing 

Nature of Demand 
Inventory 

Routing 

Problems 

Inventory 

i. Deterministic 

ii. Stochastic 

i. Fixed 

ii. Lost sales 

iii. Backordering 

Network Structure 
Number of 

Vehicles 
Vehicle Composition 

i. One-to-Many 

ii. Many-to-One 

iii. Many-to-Many 

i. Single 

ii. Multiple 

iii. Infinite 

i. Homogenous 

ii. Heterogeneous 
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flow model and proposed a mixed integer programming (MIP) model. An interactive 

computer system was developed and implemented to address daily scheduling issues as well 

as longer range planning problems. Chandra (1993) addressed a distribution problem in a 

one-to-many, single product environment and developed sequential heuristics after 

decomposition of inventory distribution to determine warehouse replenishment quantities, 

intervals, shipment sizes and routes to customers. Carter et al. (1996) proposed a heuristic 

based on allocation/routing decomposition to solve a grocery distribution problem with time 

windows on a road-based network. Christiansen (1999) presented the ship-planning problem, 

which is a combined inventory management and routing problem with time windows, and 

solved it by branch-and-bound method for small instances. To handle large instances, the 

problem was decomposed into sub-problems of ship-routing and inventory management and 

solved using the Dantzig–Wolfe decomposition approach. 

 Kim and Kim (2000) addressed an IRP allowing multiple tours in a single time period 

and developed a MILP model for reducing transportation and inventory costs. They proposed 

a Lagrangean relaxation approach to solve the problem. Lower bounds were found using sub-

gradient optimization. Bertazzi et al. (2002) addressed an IRP with deterministic order-up-to 

inventory level policy and proposed a heuristic algorithm to minimize distribution costs. 

Campbell and Savelsbergh (2004) developed a two-phase solution approach for large-scale 

real-life instances. The first phase uses integer programming (IP) for finding delivery 

schedules and the second phase employs routing and scheduling heuristics. Rusdiansyah and 

Tsao (2005) addressed an integrated inventory and periodic vehicle routing problem with 

time-windows in one-warehouse, multiple-retailer network under a VMI scheme. Setting the 

frequency of visit to the retailer as decision variable, they developed a mathematical model to 

minimize the sum of the average inventory holding and traveling costs during a given m-day 

period.  
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 Abdelmaguid and Dessouky (2006) introduced a Genetic Algorithm (GA)-based 

approach for integrated inventory distribution problem and employed GA with constructive 

heuristics to generate the initial random population. Al-Khayyal and Hwang (2007) 

developed a mixed integer non-linear mathematical (MINL) model for sailing routes and 

loading/unloading schedules for a fleet of ships carrying liquid bulk products in a specified 

planning horizon. Archetti et al. (2007) presented a branch-and-cut algorithm for a VMI 

problem considering deterministic order-up-to levels at retailers and compared different 

inventory-management policies. Savelsbergh and Song (2007) introduced the IRP with 

continuous moves to study limited product availabilities at facilities that cannot be served 

using out-and-back tours with no customer-facility alignments in a gas industry and proposed 

a randomized greedy algorithm. Extending this work, Savelsberg and Song (2008) developed 

an integer programming-based optimization algorithm. Yugang et al. (2008) proposed 

decomposition and Lagrangean relaxation techniques to solve IRP with split delivery. 

Abdelmaguid et al. (2009) proposed heuristics based approaches to solve the integrated 

inventory distribution problem with backorders. Bard and Nananukul (2010) developed a 

model aimed at minimizing production, inventory, and delivery costs across the various 

stages of a supply chain system. A hybrid methodology that combines exact and heuristic 

procedures within a branch-and-price framework was developed to solve the underlying 

MILP. A novel column generation heuristic and a rounding heuristic were also implemented 

to improve algorithmic efficiency. Javid and Azad (2010) proposed a mathematical model to 

simultaneously solve allocation, capacity, inventory, and routing decisions in a stochastic 

supply chain system with the demand pattern following normal distribution. A heuristic 

method based on tabu search and simulated annealing was also proposed to solve the 

problem. 

Ramkumar et al. (2011) developed a hybrid heuristic based solution procedure for the 

integrated inventory distribution problem. Moin et al. (2012) considered an IRP with multiple 
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products and developed a hybrid genetic algorithm to solve the problem. Bertazzi and 

Speranza (2012) surveyed pioneering papers that appeared in the 80’s, the literature on the 

single link and direct shipping problems classified the characteristics of an IRP and presented 

different models and policies for the class of problems. Shen et al., (2012) studied IRP in the 

context of crude oil transportation. In their problem, a heterogeneous fleet of tankers 

(distributor owned and rented from third parties) and multiple types of routes are considered; 

both inventory level and shortage level at each customer harbor are limited. A Lagrangean 

approach was proposed to solve this multi-period IRP problem. Coelho et al., (2012b) 

introduced the concept of transshipment within IRP and proposed an adaptive large 

neighborhood search heuristic to solve the IRPs under maximum level and order-up-to level 

policies. Coelho et al., (2012a) extended their study to improvise the service levels through 

the inclusion of various consistency features into the model such as driver consistency, visit 

spacing, quantity consistency, etc., Coelho and Laporte (2013) proposed branch-and-cut 

algorithms for the exact solution of several classes of IRPs. Variants of IRPs were also 

studied, including problems with transshipment options, different inventory policies, and 

heterogeneous and homogenous vehicles. Mjirda et al., (2013) developed a two-phased 

variable neighborhood search heuristic for an IRP with one supplier, multiple manufacturing 

plants problem. Qin et al., (2014) considered a single product, one-warehouse, multi-retailer 

periodic inventory routing problem and solved it by decomposing into two sub-problems: the 

inventory problem and the vehicle routing problem. They proposed a local search method to 

solve the inventory problem and a Tabu search method to solve the routing problem. Also, in 

their study the authors consider that once the delivery time, quantity and routing are 

determined they will remain the same in the following periods. Finally, Vidović (2014) 

considered a one depot, multi-petrol station fuel distribution problem and proposed a MILP 

model and a heuristic approach, based on variable neighborhood descent search, for solving 

the problem.  
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The following observations about the existing literature indicate the gaps and provide 

the directions and motivation for the present study. 

 Most of the literature is restricted to single stage IRPs (i.e., One warehouse, multi-

retailer).  

 Literature on the handling of multiple products by a central depot is also scant 

(Anily and Federgruen, 1993; Carter et al., 1996; Viswanathan and Mathur, 1997; 

Campbell and Savelsberg, 2004; Oppen et al., 2010).   

 Inward flow of materials to the distribution depots is not considered.  

In this study, we consider an IRP involving multiple products from different 

manufacturers, a central depot and a set of warehouses. Extending the traditional single stage 

IRP problem, we model the replenishment to the central depot that feeds the warehouses. 

Replenishment, distribution and routing decisions in the supply chain network have to be 

handled simultaneously to depict the real business scenario and to avoid sub-optimal 

solutions. To our knowledge, this is the first study that jointly considers a two-stage IRP with 

multiple products, considering replenishment, distribution and routing decisions 

simultaneously. 

3. THE TWO-STAGE IRP MODEL WITH REPLENISHMENT 

DECISIONS 

An IRP in a three-tiered supply chain system consisting of manufacturers, a central depot, 

and regional depots/warehouses that face demand for multiple products is considered in this 

study. Manufacturers produce mutually exclusive products and supply them to the central 

depot, which distributes the shipments to warehouses in accordance with the VMI system. At 

any instance, the warehouses should have required safety stock to ensure high customer 

service levels. The central depot acts as a break-bulk center. After cross docking at central 
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depot, warehouses should obtain the products as a bundle. The central depot must plan the 

replenishment of all the products, the timing of delivery, the size of shipment and the routes. 

Replenishment of the products from manufacturing plants constitutes the first part of the 

problem (lot sizing), while the routing of vehicles from the central depot to multiple 

warehouses satisfying their demands for multiple products constitutes the second. 

 Before getting into the details of the model, we illustrate the decisions involved in the 

problem using an example. Let us consider a supply chain network with three manufacturers 

producing mutually exclusive products, a central depot, and five warehouses that face 

demands for the three products (Figure 2). Assume that there are two vehicles to transport 

products from the central depot to the warehouses. The problem is considered to be in a finite 

time horizon. Based on the demand of the products over the given finite time horizon, the 

central depot has to place orders to the manufacturers and upon receiving them, it has to 

supply the products to the warehouses, based on the demands at the warehouses. The timing, 

delivery quantity, and routes for deliveries to the warehouses, combined with the 

replenishment quantities at the central depot are the two major components of the model. The 

activities in the network at time t are shown in Figure 2. It shows that the replenishments are 

being received at the central depot, where the break-bulking operation is performed, and 

items are loaded onto the outbound vehicles. Based on the routes (route 1 and route 2) 

determined, the vehicles then deliver the products to the warehouses.  

Considering the stage between manufacturers and the central depot: increase in order 

quantity increases the inventory holding cost at the central depot. In order to decrease the 

inventory holding cost, the number of orders should be increased, which in turn increases the 

ordering cost at the central depot.  While considering the stage between central depot and the 

warehouses, the lesser the number of vehicle trips (lesser the fixed and variable costs of 

vehicles), higher the inventory holding cost at the warehouses and vice versa. Therefore, 
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clearly we have multiple objectives conflicting with each other. Our objective is to determine 

the optimal trade-off for the problem that minimizes the total supply chain cost. 

 

 

 

Figure 2. IRP with Replenishment Decisions at Time t 

  Let the finite time horizon considered for the problem be T. Central depot incurs a 

fixed cost for ordering each product p and it incurs inventory costs for holding them. Routing 

of vehicles from the central depot to W warehouses considers a fleet of homogenous vehicles 

V, each with capacity VCAP. Each vehicle can tour only once in a time period and the fleet 

size remains constant throughout the planning horizon (Abdelmaguid et al., 2009). For each 

product p, each warehouse w faces a deterministic time varying demand,
,

t

p wD , in each time 

period t (day) over a finite time horizon T (week or month). We assume that the available 

vehicle capacity is higher than the demand of warehouses, in a period, such that stocking is 

possible at warehouses. The scenario considered here has warehouses geographically spread. 

A VMI environment in which predetermined safety stock levels have to be maintained 

mandatorily at warehouses to handle fluctuations in demand is considered. Shortages/ 

backorders are not permitted. 
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  The objective is to minimize the sum of ordering costs, distribution costs and 

inventory costs at the central depot and at the warehouses. The replenishment, inventory and 

distribution plan at operational level are the controllable factors that affect the total costs. The 

following are the assumptions considered in the study: 

 Transportation cost between manufacturers, central depot and warehouses are based on 

distance.  

 Each vehicle can tour only once in a time period. We assume that the time period is 

very small so that the vehicles can only make one round trip.  

 Homogeneous capacitated vehicles are considered. In addition, we assume that the total 

vehicle capacities in a time period are higher than the demand of the warehouses in that 

period.  

 All vehicles start and end at central depot.   

 Shortages and back ordering are not allowed.  

The notation, parameters, decision variables, and cost components are given below: 

Notation 

M  Manufacturer, m∈M, M= 1,2,…,nM. 

W  Warehouse, w∈W, W= 1,2,…,nW. 

P  Product, p∈P, P = 1,2,…,nP. 

V  Vehicle, v∈V, V =1,2,…,nV. 

x   Set defining all possible arcs between  nodes i and j, where 

i Î{0,{W}}, j Î{{W},N},and i ¹ j , where, 0 is the source node and N is the 

destination node. 



 13  

 

Parameters 

,

t

p wD
 Demand of product p in warehouse w in time period t. 

,w pSS
  

Safety stock of product p at warehouse w.
 

VCAP  Carrying capacity of vehicle v. 

Cost components 

i, jC
  Cost of transportation between nodes i and j, where (i, j)∈ † 

pOC   Ordering cost of product p. 

FC   Fixed operating cost for using a vehicle. 

pICCD  Inventory carrying cost of product p per unit per unit time at central depot. 

,w pICW  Inventory carrying cost of product p per unit per unit time at warehouse w. 

Decision Variables 

,

t

w pIW   Amount of Inventory of product p at warehouse w during time period t. 

t

pICD   Amount of Inventory of product p at central depot during time period t. 

t

pQCD  Order quantity for product p in time period t at the central depot. 

, ,

t

w p vQ   Quantity of product p delivered to warehouse w by vehicle vat time period t. 

X
i , j ,v

t   
1 - if vehicle vdrivesfromwarehouse i to j in timeperiod t

0 - Otherwise

ì
í
î

, for "i , j Î x ,"v,"t.

 

a
p

t    
1 - if thereisa replenishment for product pat timeperiod t

0 - Otherwise

ì
í
î

, for "p,"t.  

                                                           

 
†

, , , , ,,and , for any( , , ) ,i j j i i k k j i jC C C C C i j k     i.e., triangular inequality is valid for any set of (i,j,k) ∈  

(Moin et al., 2012) 
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d
w,p,v

t   
1 - if thereisa delivery by vehicle vof product ptowarehousew at time period t

0 - Otherwise

ì
í
î

,  

for "w,"p,"v,"t.

 

3.1. The proposed integer linear programming model 

The problem is formulated as an ILP, where the objective is to minimize the sum of ordering 

costs, distribution costs and inventory costs at the central depot and warehouses. The 

proposed model is an extension of the single stage model presented by Ramkumar et al. 

(2011). 

Objective Function 

Min Z = ICW
w,p

× IW
w,p

t

pÎP

å
wÎW

å
tÎT

å + ICCD
p

pÎP

å × ICD
p

t

tÎT

å + C
i , j

× X
i , j ,v

t

vÎV

å
i , j Îx

å
tÎT

å

             + FC× X
0, j ,v

t

vÎV

å
j ÎW

å
tÎT

å + OC
p
×a

p

t

pÎP

å
tÎT

å ,

 

(1) 

 

         

s.t. X
i ,h,v

t

iÎ{0,{W}}

å - X
h, j ,v

t

jÎ{{W}, N}

å = 0,  "h ÎW,"v ÎV,"t Î T,

                                       (2) 

                

X
w,h,v

t

hÎ{{W}, N}

å
vÎV

å £1, "wÎW,"t Î T,

                                                                   

(3) 

                
Q

w, p,v

t

pÎP

å -VCAP × X
w,h,v

t

hÎ{{W},N}

å £ 0,  "wÎW,"v ÎV,"t Î T,     (4) 

    

Q
w, p,v

t

pÎP

å
wÎW

å -VCAP × X
0,w,v

t

wÎW

å £ 0, "v ÎV,"t Î T,       (5) 

    

Q
w, p,v

t

vÎV

å + IW
w, p

t-1 - IW
w, p

t = D
p,w

t ,  "p Î P,"wÎW,"t Î T,      (6) 

    
IW

w, p

t ³SS
w, p

,  "p Î P,"wÎW,"t Î T,          (7) 

    
A

0,v

t = 0, "v ÎV,"t Î T,           (8) 

    
A

i ,v

t +(BIGM +C
i , j

)× X
i , j ,v

t - A
j ,v

t £BIGM ,  " i, j( ) Î x ,  "v ÎV,"t Î T,    (9) 
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QCD

p

t + ICD
p

t-1= ICD
p

t + Q
w, p,v

t

vÎV

å
wÎW

å ,  "p Î P,"t Î T,                    (10) 

    
QCD

p

t £BIGM ×a
p

t ,  "pÎ P,"t Î T,                    (11) 

    
Q

w, p,v

t £BIGM ×d
w,p,v

t ,  "pÎ P,"v ÎV,"wÎW,"t Î T,               (12) 

    
, , , ,

{{ }, }

0,  , , ,t t

P w h v w p v

h W N p P

n X v V w W t T
 

                         (13) 

     
IW

w,p

t ³0andinteger, "wÎW,"pÎ P,"t Î T,
                

(14) 

    
Q

w, p,v

t ³0andinteger,  "wÎW,"p Î P,"v ÎV,"t Î T,                (15) 

    
QCD

p

t , ICD
p

t , q
p

t ³0andintegers, "p Î P,"t Î T,
               

(16) 

   
X

i , j ,v

t Î{0,1}, "i, j Î x ,"v ÎV,"t Î T,
                

(17) 

    
d

w,p,v

t Î{0,1},"wÎW,"pÎ P,"v ÎV,"t Î T,               (18) 

    
a

p

t Î{0,1},"p Î P,"t Î T,
                  

(19) 

where BIGM is a very large positive number.
 

The first term in the objective function (1) represents the inventory cost at the 

warehouses, which is the product of the amount of inventory and the inventory holding cost 

at the warehouses. The second term, the inventory holding cost at the central depot, is 

expressed as a product of the amount of inventory and inventory holding cost at the central 

depot. The third term is the variable transportation cost between i and j where ,i j  . It is 

expressed as the cost of transportation between nodes i and j times the binary variable 

indicating the travel between these nodes. The fourth term deals with the fixed vehicle cost, 

which is expressed as the product of the vehicle fixed cost and the binary variable indicating 

the usage of a vehicle v to warehouse j∈W, 0, ,

t

j vX . The last term represents the ordering cost, 

which is the replenishment cost incurred by the central depot, expressed as the ordering cost 

times the binary variable indicating the replenishment,
t

p . 
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In summary, the objective function minimizes the sum of the inventory costs at the 

warehouses, the inventory cost at the central depot, the variable transportation cost, the fixed 

vehicle cost, and the ordering cost. 

Constraint set (2) ensures flow of each vehicle v through each warehouse h in a time 

period t. The flow constraint is flexible enough to include the movements between 

warehouses allowing multi-drop. It also restricts the movements from warehouses to central 

depot, which is not permitted under the present problem. Constraint set (3) limits each 

delivery node to be visited by only one vehicle. This ensures that warehouses receive all the 

products together in a single delivery termed as Merge-In-Transit deliveries. This constraint 

set does not impose the condition that there should be a delivery at time period to avail the 

advantage of consolidated replenishments when the inventory cost involved between the 

delivery time periods becomes cheaper than the transportation cost involved in delivering 

them. Constraint set (4) ensures that the delivery quantity at warehouse h does not exceed the 

capacity of the vehicle v when the vehicle is involved in multi-drop. It also restricts the 

vehicle v from visiting node i, if there is no load to be delivered at that node. Constraint set 

(5) limits the total delivery quantity across products and warehouses in time period t 

transported by a vehicle is lesser than its capacity and ensures that there is a movement 

between the central depot and first drop point (a warehouse). Constraint set (6) conserves the 

flow of materials at warehouse w. The quantity delivered to a warehouse w at time t and the 

opening inventory at the warehouse is equal to the demand at that warehouse at time t and the 

closing inventory at that warehouse. Constraint set (7) ensures that the inventory at 

warehouses at any time t should be maintained above their predetermined safety stock levels. 

Constraints sets (8) and (9) deal with elimination of sub-tours in the vehicle movements. 

Constraints set (10) deals with conservation of material flow at the central depot. Constraint 

set (11) models the restriction that the delivery quantity of product p at time period  t, QCD
p

t ,
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is zero when the replenishment is not decided in time period t, which is determined by the 

value of t

p . Constraint set (12) ensures that the delivery quantity is zero when there is no 

delivery planned for product p at warehouse w in time period t. Constraint set (13) ensures 

that the products are bundled together before replenishment at delivery nodes. Finally, the set 

of constraints (14) to (19) describe the nature of variables considered in the model. 

3.1.1 Model Complexity 

The two-stage multi-product IRP model has     2 3P W T T V W T    

       2 1 2W T V V T V T        
 
constraints. The number of binary variables in the 

model is given by       V T W P P T     , and the number of integer variables is given 

by     3P T W W V    . 

We consider an example of a five time period problem with a single depot, two 

warehouses and two vehicles (T=5, W=2, V=2). The number of manufacturers varies 

corresponding to the number of products. We use this example to illustrate the increase in 

model complexity in terms of number of constraints, number of binary variables and number 

of integer variables. The number of products (P) is varied from 1 to 10 and the results are 

presented in Figure3. 

It was observed that the model complexity increases with increase in the number of 

products. Single product model is NP hard (Abdelmaguid et al., 2009). The inclusion of the 

multiple –products in the model makes it even harder to solve the problem, therefore, making 

it computationally intractable. 
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Figure 3. Model complexity Vs. number of products 

In Section 4, first, we introduce the heuristic approach used in solving the problem, 

and then, we explain the three phases of the proposed heuristic framework.  

4. Heuristic Approaches 

The solution of the problem under analysis in this paper can be explained as follows. 

In the first part of the problem, we find the replenishment policy from 

manufacturers to the central depot (CD). That is, the goal is to determine lot sizing of 

multiple products with the objective of minimizing ordering costs and inventory holding costs 

at CD. We use the DP approach proposed by Wagner and Whithin (1958) to solve the 

problem between each manufacturer and the CD. The demand at the CD for each product p in 

time t is determined by aggregating the demands at the warehouses at time t. 

The output from the first part gives the replenishment order quantities available for each 

product p in time t, ∀p,t. The replenishment order quantities are initially set as the capacities 

of the CD. However, the inventory left over at the end of each time period (after allocating to 

the warehouses) is carried over to the next time period.  



 19  

 

Then, the second part of the problem consists of determining the routing of vehicles 

from the central depot to the multiple warehouses satisfying the demand for multiple 

products.  This part of the problem is restricted in terms of the quantities to be delivered to 

warehouses by the availability at CD. Therefore, the problem is modeled as a Capacitated 

IRP (CIRP). The CIRP is motivated from the ‘cluster-first, route-second’ strategy (Ganesh 

and Narendran, 2007; Ramkumar et al., 2011; Moin et al., 2012).  

To solve the CIRP, we propose a heuristic, which we name CAR-Extended (CARE). This 

heuristic has three phases: Clustering, Allocation and Routing. CARE is an extension from 

the CAR model presented by Ramkumar (2011). Each one of these phases is explained in a 

general manner next.  

Clustering phase: The clustering phase scans the nodes (warehouses) in need of 

supplies and group them into clusters based on K-means algorithm by randomly 

choosing the coordinates of a warehouse as initial centroid.  

Allocation phase: This phase (i) identifies the surplus capacities available in each 

vehicle travelling through its cluster; (ii) weighs the options of delivering 

requirements of later periods at nodes, either within the same cluster or at nodes that 

are close but outside the cluster under consideration, based on the trade-offs between 

transportation costs and holding costs; and (iii) allocates quantities to such nodes 

based on the capacity available at CD.  

The Routing phase is used to determine the routing sequence of the nodes in the 

clusters. In this phase, three different approaches are explored. CARE1 uses 

Simulated Annealing (SA) to determine the routes with an initial solution generated 

randomly. CARE2 uses SA with an initial solution obtained from Shuffled Frog Leap 

Algorithm (SFLA). CARE3 solves the routing phase optimally using an ILP. The 

benefit of deploying additional vehicles (if applicable) is also explored in all the 

heuristics (CARE1, CARE2 and CARE3). 
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4.1. Heuristic Algorithm 

Notations and parameters used in the heuristic 

v  Index for vehicles, v= 1, 2, 3,…, V. 

w  Index for warehouses, w= 1, 2, 3,…, W. 

t  Index for time periods, t= 1, 2, 3,…, T. 

i  Index for clusters, i= 1, 2, 3,…, Z. 

p  Index for products, p= 1, 2, 3,…, P. 

IPpwt  Inventory position of product p at warehouse w in time period t. 

dpwt  Demand for product p at warehouse w in time t. 

SSpw  Safety inventory for product p at warehouse w. 

INVpwt  Inventory level for product p at warehouse w in time period t. 

CUSTt  Set of mandatory warehouses to be visited in time period t. 

NCUSTt Set of optional warehouses to be visited in time period t. 

AGt  Aggregated demand of mandatory warehouses in time period t. 

MVt  Minimum number of vehicles in time period t. 

VCAP  Vehicle capacity. 

XCORw X coordinate of warehouse w. 

YCORw Y coordinate of warehouse w. 

ωi  Warehouse list in cluster i. 

NCLUSi Number of warehouses in cluster i. 

Li  Loads in each cluster i. 

UNUi  Un utilized vehicle capacity in cluster i. 

φi  Temporary warehouse list in cluster i. 

ATCa
i  Average transportation cost of warehouse a in cluster i, a∈φi. 
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δ  Variability factor. 

ICa  Inventory cost of warehouse a, a∈φi. 

CRa
i  Cost ratio of warehouse a in cluster i, a∈φi. 

MINDi Minimum of the possible demands of the customers in cluster i that could be 

satisfied 

For t =1, 2, 3,…,T : 

4.1.1 Initialization 

In this phase, the set of warehouses are partitioned into two (CUSTt and NCUSTt) based on 

their inventory levels and demand. We then determine the minimum number of vehicles 

required to satisfy the demand for warehouses in set CUSTt. 

Step 1: Based on inventory position of warehouse w, determine the set of mandatory 

warehouses to be visited in time period t, as follows:  

(i) CUSTt= ∅ and NCUSTt= ∅, 

(ii) For each warehouse w=1,2,3,…,W, and product p=1,2,3,…,P 

If the inventory position at time t, IPpw,t> 0,  

then add w to list CUSTt, 

else add w to list NCUSTt; 

where IPpw,t=dpw,t+ SSpw – INVpw, (t –1). 

Step 2: Compute the minimum number of vehicles required in time t to satisfy the 

demand aggregated over warehouses in CUSTt: 

(i) Calculate the aggregated demand of mandatory warehouses as follows:  

t

t pwt
p P w CUST

AG d
 

   ;  

(ii) Compute the minimum number of vehicles required in time t:  
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MV
t
=

AG
t

VCAP
. 

4.1.2 Clustering Phase 

In this phase, we cluster the warehouses in set CUSTt based on their proximity. The number 

of clusters is equal to minimum number of vehicles determined in the initialization phase. 

Then, we check the feasibility of load carried in each cluster and in case of infeasibility, the 

nodes are swapped between the clusters to ensure feasibility.  

The warehouses in CUSTt  are clustered in this phase, as described below: 

 

Step 1: Construct distance matrix for CUSTt using the Euclidean measure. 

Step 2: Choose the initial centroids, {C1, C2,…, CZ}, where Z=MVt. The X and Y 

coordinates of the centroids are chosen randomly among the available (XCORu, 

YCORu) coordinates of warehouses in the set CUSTt. For example, centroid C1 may be 

the location of warehouse 3 located at (X=10, Y=10).  

Let CLUSi be a temporary set defining the warehouses clustered under centroid Ci, i∈ 

{1, 2,…,Z }. 

Step 3: Form clusters: 

(i) Assign warehouses in CUSTt to Z clusters based on its proximity to the 

centroids.   

Initialize CLUSi = ∅, ∀i∈ {1, 2,…, Z }; 

For warehouses in CUSTt 

{ 

Compute the Euclidean distance between each of the centroid 

points {C1, C2,…, CZ} to warehouse u in CUSTt.  
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Assign the warehouse u to the closest centroid i and update the 

set CLUSi; 

} 

  (ii) Re-compute the centroids using the following equation. 

   C*
i= {( ,i i

u u
u CLUS u CLUS

i i

XCOR YCOR

NCLUS NCLUS

 

 
 )}, ∀i∈ {1, 2,…, Z }; 

(iii) Iterate through steps 3.i. and 3.ii.until the cluster members become 

consistent. The clusters are said to be consistent when the warehouses 

assigned to CLUSi, ∀i∈ {1, 2,…, Z } remain unchanged between iterations. 

(iv) Determine the customer list in each cluster ωi, ∀i∈ {1, 2,…, Z }; 

      ωi = CLUSi, ∀i∈ {1, 2,…, Z }; 

Step 4: Calculate loads in each cluster and ensure feasibility of clusters:  

(i) for i =1, 2, 3,…, Z, Li =
i

put
p P u

d
 

  , ∀i∈ {1, 2,…, Z }; 

 While Li> VCAP, 

   Select a warehouse u from i; 

Select a cluster ie with excess vehicle capacity such that dut< excess 

capacity in ie; 

   Relocate a warehouse u from i to ie; 

   Update the loads in Li and Li
e. 

The output from this phase is a set of feasible clusters. In the next phase, the quantity 

allocated to each cluster is determined. 

4.1.3 Allocation Phase 

In this phase, we determine the amount of deliveries to be made at each warehouse for each 

time period. Trade-off analysis (between transportation cost of reaching a node and inventory 
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cost at that node) is done for the under-utilized vehicle capacities. This trade-off is 

determined using average transportation cost (average cost of visiting a node) and inventory 

cost. During allocation, preference is given to warehouses that are in need of items at current 

time period (i.e., warehouse set CUSTt), given that the vehicle capacity and inventory levels 

does not constraint them. Finally, a feasible allocation matrix is achieved.  

Motivation for this phase 

Consider the case of a single product, single depot and a single warehouse. Let a portion of 

the vehicle capacity be underutilized and there is a prospective delivery that can be made to 

satisfy positive demand at the warehouse in the subsequent time period. The following matrix 

gives us the possible trade-off scenarios:  

 

 

Delivery cost < 

inventory holding cost 

Delivery cost > inventory 

holding cost 

Fully utilized vehicle 

capacity 

Higher cost Lower cost 

Partially utilized vehicle 

capacity 

Lower cost Higher cost 

 

When the vehicle capacity is fixed to be utilized fully and if cost of delivery to the 

warehouses is much lesser than holding the inventory, the inventory carrying cost increases. 

Given that the vehicle capacity can be partially utilized and inventory cost is lesser than the 

cost of delivery, delivering the future demand in the respective time period increases the 

vehicle transportation cost. The decision is to find the trade-off between the inventory and 

transportation costs to minimize the total cost for the finite horizon T (i.e.,) delivery of future 

demands should be made in this time period if the delivery cost is greater than the inventory 
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holding cost; future demands should be made in their respective time periods, if delivery cost 

is lesser than the inventory holding cost. 

Let the underutilized vehicle capacity be UVVCAP and its corresponding cost be CUV, a 

function of UVVCAP. CUV includes the cost of delivering the UVVCAP to its destination.  Let the 

inventory holding cost of the UVVCAP (till the time period it is consumed) be IUV, which is 

again a function of UVVCAP.  

We will explain the concept of UVVCAP, CUV and IUV using an example of a single 

product, single depot and a single warehouse, with two time periods. Let the transportation 

cost from the depot to the warehouse be $10 (including variable and fixed transportation 

costs); demand at the warehouse in time period 1 and 2 be 5 units each; inventory carrying 

cost per unit per time period be $1;  capacity of the vehicle be 20 units.  

The demand for time period 1(5 units) has to be delivered to the warehouse in time 

period 1. The vehicle, after loading the demand for time period 1, has a remaining capacity of 

15 units. If the vehicle capacity is left underutilized, the demand for the next time period has 

to be delivered in the next trip i.e., in time period 2. Here, CUV is equal to the $10. When the 

vehicle capacity is utilized to cover the next periods demand at the warehouse, there is an 

inventory carrying cost, which is equal to $5. This inventory carrying cost represents the IUV. 

The term underutilized vehicle capacity, UVVCAP (here is equal to 5 units), depends on the 

remaining vehicle capacity and the demand at the warehouse in the subsequent time periods.  

Consider the case where the vehicle capacity is 7 units. In this case, even when the vehicle 

capacity is fully utilized in time period 1, there is a need to deliver the remaining demand (3 

units) to the warehouse in time period 2. So, it is beneficial to leave the vehicle capacity 

underutilized in time period 1, to save the inventory carrying cost for the 2 units which is 

delivered in time period 1. Here UVVCAP is zero. 
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When there are more than one warehouse, the UVVCAP depends on the remaining 

vehicle capacity and demands at all the warehouses in the subsequent time periods. The same 

idea can be extended to a supply chain with multiple vehicles and multiple products also.  

Lemma 1.  Inventory is positioned at a warehouse w in time t if IUV(UVVCAP) <CUV 

(UVVCAP) .  

Proof:  (By contradiction) Consider a solution S where IUV(UVVCAP) <CUV(UNUVCAP) 

if UVVCAP is delivered to warehouse w. Let the cost of the solution S be Z(S). Let us 

assume that Z(S) optimal to the problem.  

Z(S) includes the cost of delivering the UVVCAP  to warehouse w in a subsequent time 

period (>t). Without loss of generality, we assume that the cost of delivering the 

UVVCAP  to warehouse w to be a positive integer i.e., CUV(UVVCAP) > 0. Let the total 

cost be Z(S’), when UVVCAP is delivered to the warehouse w in time t.  

Z(S’) = Z(S) - CUV(UVVCAP) + IUV(UVVCAP). When IUV(UVVCAP) <CUV(UVVCAP),  Z(S’) 

<Z(S). Therefore, Z(S) is not optimal to the problem. This is a contradiction.      

 

Based on condition derived from the lemma, in this phase we allocate the products to 

the unused vehicle capacities. The step-by-step procedure is given below: 

Step 1: Determine unutilized vehicle capacity in each cluster UNUi, ∀i∈ {1, 2,…,Z}.  

For each cluster i where UNUi> 0,  ∀i∈ {1, 2,…,Z }, assign the warehouses 

temporarily from NCUSTt based on their proximity to centroids. These warehouses 

are temporarily assigned to set φi, ∀i∈ {1, 2,…,Z }. Now, cluster i has warehouses in 

ωi and φi.  

Step 2: Calculate the Average Transportation Cost (ATC) and Cost Ratio (CR) 
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(i) Determine ATC
a

i
, 1, { },  2, , ;i Za i    i

a
ATC of warehouse a in 

cluster i, i∈{1, 2,…,Z }with NCLUSi number of customers is equal to   

1

iNCLUS

ab

b
b a

i

C

NCLUS






 

(ii) Revise 1,  2, ,, , { },i

a i
ATC a i Z      by multiplying with a variability 

factor, δ~unif (0.8, 1.2);

 

(iii)
, ( 1)

1,  , , { }., ,
 . 

2
i

i a

a i

pa pa t
p P

ATC
CR a

I
Zi

C d





    


  

Step 3: Determine MINDi. It is defined as the minimum of the demand (
*pa t

p P

d


 ), 

where 
i

a  and t* refers to the time period for which demand of a is yet to be 

satisfied by current time period allocation. The condition UNUi>MINDi is checked to 

avoid an infinite loop. Suppose, if we just check UNUi >0 and when the UNUi value is 

lesser than the values of the possible demands that can be satisfied, it would result in 

infinite loop.  

 For i =1, 2, 3,…,Z 

 { 

 Determine MINDi; 

 If (UNUi>MINDi) then 

 { 

  do 

  { 

 

Sort the set of warehouses in non-increasing order of the , { }i

a i
CR a   . 

Break the ties arbitrarily. Update the warehouses accordingly; 
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In the sorted list, search for a warehouse that satisfies the following conditions 

(I), (II) and (III): 

 (I)
i

a
CR >1 

(II) Cluster has capacity to accommodate allocation quantity, 
*pa t

p P

d




(t* refers to the time period for which demand of a is yet to be satisfied 

by current time period allocation) 

(III) Central depot has enough inventory to satisfy 
*pa t

p P

d


  

  Set a*= a; 

  Allocate 
* *pa t

p P

d


 to the cluster i; 

  Update UNUi; 

 If (a*ωi) then 

 { 

  Include a* in ωi; 

 } 

Update *

i

a
CR  based on the additional cost of maintaining inventory of t* 

period’s demand for (t*– t) periods;  

*

i

a
CR = *

i

a
CR + ((t*–t).

* * *pa pa t
p P

IC d


 ); 

 } while (
i

a
CR > 1, { }

i
a   &&UNUi<MINDi); 

} 

 } 

The output from the allocation phase is a feasible allocation matrix ALLOwt,∀w∈{1, 2,…,W }.  
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4.1.4 Routing Phase 

In the routing phase, we determine the route for the nodes in each cluster. The routing for the 

warehouses in ALLOwt is obtained by solving a TSP for each cluster, as in a Sweep algorithm 

(Gillett and Miller, 1974). In this phase, we use three different methods to determine the 

routes in the algorithm: CARE1, CARE2, CARE3. In CARE1, we determine the route for 

warehouses in Z clusters using SA algorithm with a random initial solution. In CARE2, we 

determine the route using SA algorithm with initial solution from Shuffled Frog Leap 

Algorithm (SFLA). We refer to this as the hybrid SA-SFLA algorithm. In CARE3, routes are 

formed by solving a TSP ILP problem for each cluster. 

4.1.4.1 CARE1: Routing phase using SA algorithm 

SA has been successfully used for routing by Osman (1993), Chiang and Russell (1996) and 

Lin et al. (2009). The parameter settings for CARE1 – SA algorithm are as follows: 

Notations used in SA 

Tj Temperature at iteration j 

Tini Initial temperature 

Tfin Final temperature 

NI Number of iterations 

Xi Solution vector in iteration i 

f (Xi) Objective value for solution vector Xi 

 

Cooling scheme(a): The following logarithmic cooling scheme (Lundy and Mees, 1986) has 

been used, see Eq. (16). Number of iterations, NI is kept as 10000 (based on 

experimentation). 

1 ,
j

j

j

T
T

1 T
 


 

where
. .

ini fin

fin ini

T T

f T T



                     (20) 

Selection Probability:  The probability of selection of an inferior solution (Xnew) is given by 

Eq. (21). 
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P (Ti, Xnew, Xi) = 
( / )iT

exp


 where, ∆ = 
   

 

   new i

i

f X f X
100 k

f X


  ,            (21) 

∆ is a dimensionless quantity and indicates the percentage deviation of the quality of the 

perturbed solution (Xnew) from that of the previous solution Xi. 

Temperature settings: Initial temperature is set at 47.4. The initial temperature is selected 

based on the inferiority of the perturbed solution (Parthasarathy and Rajendran, 1998). A 

solution inferior by up to 10% from the actual solution, is accepted with an associated 

probability of 0.9, see Eq. (22).  

P= exp (–∆/T); 0.9 = exp (–5/T); Tini = 47.4;                                     (22) 

  

 Similarly, for final temperature, a solution inferior by 2% from the actual solution is 

accepted with an associated probability of 0.05, see Eq. (23).  

P= exp (–∆/T); 0.05 = exp (–2/T); Tfin= 0.6;                (23) 

 

Perturbation scheme (b): Perturbation schemes are varied at different temperature zones 

(corresponding to different iteration zones), in order to have high diversification at high 

temperatures and high intensification at low temperatures. 

Iteration zones   Perturbation scheme 

1 to NI/3    3-opt perturbation scheme 

NI/3 to 2.NI/3   2-opt perturbation scheme  

2. NI/3 to NI   Random swap 

3-opt perturbation scheme: In this scheme, three cells in a vector are exchanged with each 

other.  
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2-opt perturbation scheme: In this scheme, two cells in the vector are exchanged with each 

other.  

Random swap: Two cells of the vector are selected randomly and are swapped. 

The SA algorithm is given below:  

Step 1:Tini= 47.4; Tfin = 0.6; NI= 10000, EPOCHSET=1; No. of initial solution strings 

(n) =1;  

Step 2: Generate n (X1 to Xn) random initial strings  

f*(X) = min {f(X1), f(X2), f(X3) … f(Xn)} ; X*=X; /*Select the best string as the 

initial solution */ 

Step 3: Temperature = Tini 

do 

{ 

For (epoch=1; epoch < EPOCHSET; epoch++) 

{ 

For (Ti =Tini ,…Tfin) 

{ 

Create a new string (Xnew) using mutation scheme(b); 

Decode Xnew; 

If (f(X*) – f(Xnew) > 0) then 

{ 

X*=Xnew; 

f (X*) = f(Xnew);} 

else 

{ 

Accept Xnewwith probability P (Ti, Xnew, X*); 

} 
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} 

} 

Reduce temperature Ti based on the cooling scheme(a). 

} while (Ti == Tfin); 

Step 4: Return the final solution 

4.1.4.2 CARE2 : Routing phase using SA-SFLA Algorithm 

In Step 2 of SA, initial solution is found using SFLA. In CARE2, we use the SFLA to 

determine the initial solution for SA. Before discussing the SFLA, we first present an 

overview of the SFLA.  

Overview of the Shuffled Frog Leap Algorithm (SFLA) 

SFLA is an algorithm based on memetic meta-heuristic developed by Eusuff et al. (2006). 

The algorithm involves both local and global exploration. It combines the advantages of the 

genetic-based memetic algorithm (MA) and the social behavior-based Particle Swarm 

Optimization (PSO) algorithm with characteristics such as simplicity of concept, adjustment 

of fewer parameters, prompt formation, greater capability in global search and easy 

implementation (Huiet al. 2008). The SFLA's constringency is faster and search precision is 

better (Yueet al. 2009). In SFLA, a feasible solution to the optimization problem is 

represented by a frog. Initially, a random population of frogs is generated. It is then divided 

into a number of frog memeplexes and each memeplex is arranged in decreasing fashion of 

their fitness. Subsequently, frogs in the memeplex perform local exploration of the solution 

space to transfer the information among local individuals. After updating the best solutions, 

memeplexes are shuffled again. The procedure is repeated to meet the stopping criterion. In 

the routing phase, each route is represented by a frog. The framework of the algorithm is 

shown in Figure 5. 
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Figure 5. Framework for SFLA 

The notations used in the SFLA and the procedure are given below: 

Notations used in SFLA 

F Frog population 

Nmem Number of memeplexes 

Nfrog Number of frogs in each memeplex 

fi Fitness function of frog i 

Xij Frog i in memeplex j 

Gbest Global best solution 

membestj Best solution of memeplex j 

memworstj Worst solution of memeplex j 

ITR No. of iterations 

 

Start 

Input Parameters 

Generate a population 

of F frogs 

Conversion of population 

into memeplexes 

Evaluate Fitness 

function 

Local exploration in each 

memeplex and reshuffling 

Stoppi
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Note that the number of memeplexes and number of frogs are set as 10 (based on initial 

experimentation). 

SFLA Algorithm 

Step 1:Set nfrog=10;mem = 10; ITR=1;  

Step 2: Randomly generate a population of size F.  

Step 3: Evaluate the fitness function fi, i =1, 2,…F 

Step 4: Rank the frogs in increasing order of fi and divide the population into nmem 

memplexes. Allot each memeplex with a frog, one by one, from the 

population, sorted based on fitness function.  

Step 5: Local exploration in each memeplex j is carried out between membestj and 

memworstj frogs using n-opt method. (n = 0.3 of no. of nodes in the route). Let 

the new modified frog be newj 

Step 6: Compare fnewj with fmembestj. Update membestj, and gbest if fnewj is better than 

these and go to step 8. Otherwise go to step 7 

Step 7: Randomly generate a frog and replace Xij.  

Step 8: Increment ITR by 1 and Check whether ITR is less than the stopping criterion. 

If ‘yes’ go to step 5 else, stop.  

The gbest from the above algorithm is used as initial solution for SA. Then, SA is used to 

improve the routes. 

4.1.4.3 CARE3: Routing phase using ILP 

The ILP for Travelling Salesman Problem which appear in routing phase is as follows 

for z =1, 2, 3,…, Z: 

{ 
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} 

 

Let the Routecost be the current routing cost for Z clusters; Store the Seqi in FinSeqi, 

i∈ {1, 2, 3,…, Z }. We then perform a route splitting to determine the possibility of savings 

by splitting the current route. 

Motivation for this phase 

Let us illustrate it with an example and then list out the detailed steps involved in Route 

splitting. Consider the three vehicles that are available for transporting products between the 

central depot and the warehouses at a time period t. Let the number of clusters formed using 

the clustering phase, Z, be 2. The route splitting step explores the possibility of savings by 

employing the third vehicle. Figure 6 shows the initial clusters, Z, formed by the clustering 

phase and the routing of vehicles in the cluster. There are two clusters (cluster 1 with routing 

sequence: {CD-2-1-3-6-7-CD}; cluster 2 with routing sequence: {CD-8-5-9-4-CD}). Let the 

total routing cost be x.  

In the route splitting phase, the possibility of using the third vehicle is explored with 

the objective of minimizing the routing cost. The number of clusters to be formed is increased  
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to 3 and the clustering phase and the routing phase is executed. Figure 7 shows a solution 

with three clusters (cluster 1 with routing sequence: {CD-2-1-3-CD}; cluster 2 with routing 

sequence: {CD-5-9-4-CD}; cluster 3 with routing sequence: {CD-6-7-8-CD}). 

 

 

 

 

 

 

 

 

 

 

 

Let the total routing cost for this case be x’. It is noteworthy that the inventory 

allocation does not change anywhere. Now, when x’<x, the clustering and routing solution x’ 

is set as the current best solution. 

The steps in the route splitting is discussed below. 

TZ=Z; 

 If (TZ<V) then 

 { 

  do 

{ 

TZ++; 

Figure 6. Cluster and routing before route 

splitting 

Figure 7. Cluster and routing after route 

splitting 
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  Perform the clustering phase and form TZ clusters; 

  Perform the routing heuristic; 

Determine routing cost (TroutecostTZ); // including vehicle operating 

cost; 

  Determine routing sequence (Seqi, i∈ {TZ}); 

  If (TroutecostTZ<Routecost) then 

  { 

   Update NCLUSi, i∈ {TZ}; 

   Update ωi, i∈ {TZ}; 

   Store the Seqi in FinSeqi; i∈ {TZ}  

   TZ=Z; 

   Routecost=TroutecostTZ;    

  } 

} while (TZ == V); 

 } 

 

Finally, compute the total cost of the supply chain, which is the sum of ordering, 

inventory holding, and routing costs. 

So far, we have discussed the heuristic approach proposed for solving the problem. In 

the next section, we present the computational study using a set of derived hypothetical 

datasets and show the performance of the proposed heuristic approaches.  

5. COMPUTATIONAL STUDY  

The mathematical model and heuristics CARE1, CARE2 and CARE3 are evaluated by 

computational experiments conducted over a range of datasets. The mathematical model was 

solved using ILOG CPLEX 9.0. Heuristics CARE1 and CARE2 were programmed in 



 38  

 

Microsoft Visual C++ 6.0 while CARE3 was coded in Microsoft Visual C++ 6.0 and solved 

using ILOG Concert Technology.  

5.1. Experimental Design 

Warehouses are located randomly in a grid of size 50 x 50. The coordinates for the 

warehouses are generated using a uniform distribution (UD) while the manufacturer is at the 

center of the grid (25, 25). Datasets are generated for the following conditions based on the 

pattern by Abdelmaguidet al. (2009). 

  Three levels of W (10, 15, and 20), two levels of P (2, 3) and two levels of V (2, 3) are 

used and twelve datasets are obtained with different combination of levels of W, P and V 

(3*2*2 = 12). To account for randomness, five instances were generated for each dataset. 

We define the ratio, 

 
Total vehicle capacity  average demand per time period

  
average demand per time period

VCR


  

 VCR value is set as 1.5. Demands for the P products at W warehouses have been 

generated using a uniform distribution (Table 1). Ordering costs of the products are also 

given in Table 1. 

Table 1. Input Parameters for Datasets 

Number of warehouses (W) 10,15, 20 

Number of Products (P) 2, 3 

Number of vehicles (V) 2, 3 

Number of Time periods (T) 7 

Demand for products (units) 

Product 1: UD(2,10) 

Product 2: UD(10,25) 

Product 3: UD(1,30) 

Ordering cost for products 

Product 1: $400 

Product 2: $600 

Product 3: $500 

Inventory holding costs for 

products at warehouses 

Product 1: $1/unit/time period 

Product 2: $1.5/unit/time period 

Product 3: $2/unit/time period 
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Inventory holding costs at warehouses vary across products. Inventory holding costs 

of the upstream member (central depot) is taken as 70% of holding costs at warehouses. 

Transportation costs between different warehouses have been calculated using Euclidean 

distances. A fixed cost of operating each vehicle is set as 10 (Abdelmaguid and Dessouky 

2006; Abdelmaguidet al., 2009). The naming convention used for the datasets starts with 

‘IRP2’, then with the number of warehouses followed by number of products, number of 

vehicles, and ends with a replication number, each separated by hyphen.  For example, first 

replication of a data set with W=10, P=2, V=2 is represented as IRP2-10-2-2-1. Table 2 

shows the network characteristics of test datasets. 

Table 2. Network Characteristics  

Dataset 1 2 3 4 5 6 7 8 9 10 11 12 

Warehouses, W 10 10 10 10 15 15 15 15 20 20 20 20 

Products, P 2 2 3 3 2 2 3 3 2 2 3 3 

Vehicles, V 2 3 2 3 2 3 2 3 2 3 2 3 

VCAP(units) 300 200 500 350 450 300 800 500 600 400 1000 650 

 

5.2. Mathematical model 

The proposed ILP model is tested on a set of 60 problem instances, which were solved using 

ILOG CPLEX 9.0 on a PC with INTEL(R) Core (TM) 2 Duo Processor @ 3 GHz, 2.0 GB 

RAM. The problem instances were run for a stipulated time of 1 hour. Owing to the inherent 

NP hard nature of the problem, it is computationally difficult to obtain optimal solutions for 

the datasets. Within the pre-set time limit of 1 hour, ILOG CPLEX 9.0 yielded feasible 

solutions, which have been used as upper bound solutions for comparison. Instances where 

CPLEX fails to arrive at a feasible solution, run time limit is extended to 3 hours and the 

results obtained after the extended run time limit. These instances are indicated by superscript 

‘*’. In some cases, even after 3 hours, CPLEX could not provide a feasible solution. In such 
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conditions, corresponding results are indicated as ‘NS’ i.e., ‘No solution’. The results are 

shown in Tables 3, 4, and 5. 

5.3. CARE1, CARE2 and CARE3 heuristics 

All the 60 problem instances have been solved by CARE1, CARE2 and CARE3. CARE1 and 

CARE2 are run for 200 iterations and CARE3 for 10 iterations. Results for sixty instances 

obtained by CARE1, CARE2 and CARE3 are shown along with computational times in Tables 

3, 4, and 5.  The performances of the three proposed heuristics is compared against upper 

bounds obtained by CPLEX 9.0 after about 1 hour of run time (Abdelmaguid et al., 2009) on 

a PC with INTEL(R) Core (TM) 2 Duo Processor @ 3 GHz, 2.0 GB RAM  and are shown as 

percentage improvement over upper bound solutions obtained from CPLEX (Tables 3, 4, and 

5). In some cases, upper bound solutions could not be obtained due to the limit set on run 

time. Deviations for those cases that cannot be calculated are indicated as ‘-’. Deviation from 

CPLEX is calculated as given below: 

 
  Solution  CPLEX UB

Deviation from CPLEX UB %  100
CPLEX UB

CARE 
 

 

Table 3. Computational Results (Problems with 10 Warehouses) 

Problem Instance 
CPLEX 

UB ($) 

CARE 1 CARE 2 CARE 3 
Deviation from CPLEX 

UB 

Total 

cost ($) 

CPU 

time(s) 

Total 

cost ($) 

CPU 

time(s) 

Total 

cost ($) 

CPU 

time(s) 

CARE1 

(%) 

CARE2 

(%) 

CARE3 

(%) 

IRP2-10c-2p-2v_1 5956.95 6216.94 17.63 6214.94 30.16 6101.28 38.97 4.36 4.33 2.42 

IRP2-10c-2p-2v_2 4945.55 5581.95 16.47 5568.07 31.17 5435.26 22.94 12.87 12.59 9.90 

IRP2-10c-2p-2v_3 5813.27 6148.65 14.77 6111.00 35.13 6004.55 23.02 5.77 5.12 3.29 

IRP2-10c-2p-2v_4 5552.98 5911.71 17.74 5913.04 34.05 5820.39 23.09 6.46 6.48 4.82 

IRP2-10c-2p-2v_5 5369.68 5564.38 16.17 5584.02 31.55 5493.54 26.38 3.63 3.99 2.31 

IRP2-10c-2p-3v_1 5950.12 6246.71 27.98 6249.62 52.03 6090.58 30.84 4.98 5.03 2.36 

IRP2-10c-2p-3v_2 4903.70 5506.41 25.84 5492.73 71.22 5342.30 40.68 12.29 12.01 8.94 

IRP2-10c-2p-3v_3 5923.21 6189.20 24.83 6192.74 65.20 6098.21 26.35 4.49 4.55 2.95 

IRP2-10c-2p-3v_4 5640.20 5964.34 24.28 5949.00 71.39 5846.76 29.84 5.75 5.47 3.66 

IRP2-10c-2p-3v_5 5351.74 5638.96 33.34 5630.43 47.86 5522.37 26.44 5.37 5.21 3.19 

IRP2-10c-3p-2v_1 7862.87 8267.75 15.84 8255.42 52.47 8234.35 26.70 5.15 4.99 4.72 
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IRP2-10c-3p-2v_2 8240.33 8375.89 15.53 8346.40 58.38 8316.57 45.63 1.65 1.29 0.93 

IRP2-10c-3p-2v_3 8466.53 8588.66 16.08 8572.23 53.31 8587.33 34.92 1.44 1.25 1.43 

IRP2-10c-3p-2v_4 8200.45 8220.16 15.91 8208.34 48.41 8098.14 73.01 0.24 0.10 -1.25 

IRP2-10c-3p-2v_5 8003.48 8271.75 15.73 8226.72 33.83 8096.55 24.70 3.35 2.79 1.16 

IRP2-10c-3p-3v_1* 8120.44 8328.79 25.08 8332.85 71.44 8289.76 25.16 2.57 2.62 2.09 

IRP2-10c-3p-3v_2* 8482.48 8410.88 25.44 8410.46 79.59 8342.53 37.02 -0.84 -0.85 -1.65 

IRP2-10c-3p-3v_3 8654.86 8640.99 25.53 8625.80 82.19 8616.78 34.63 -0.16 -0.34 -0.44 

IRP2-10c-3p-3v_4 8169.44 8245.72 24.23 8269.83 76.02 8093.32 35.64 0.93 1.23 -0.93 

IRP2-10c-3p-3v_5* 7517.61 8262.92 28.34 8230.40 61.00 8161.30 27.63 9.91 9.48 8.56 
*NS – No solution by CPLEX after the pre-specified time limit 

Table 4. Computational Results (Problems with 15 Warehouses)  

Problem Instance 
CPLEX 

UB ($) 

CARE 1 CARE 2 CARE 3 
Deviation from CPLEX 

UB 

Total 

cost ($) 

CPU 

time(s) 

Total 

cost ($) 

CPU 

time(s) 

Total 

cost ($) 

CPU 

time(s) 

CARE1 

(%) 

CARE2 

(%) 

CARE3 

(%) 

IRP2-15c-2p-2v_1 6096.57 6184.18 17.83 6085.69 60.38 6033.03 65.02 1.44 -0.18 -1.04 

IRP2-15c-2p-2v_2 7462.41 7435.09 17.44 7408.80 61.11 7366.55 167.33 -0.37 -0.72 -1.28 

IRP2-15c-2p-2v_3 6162.25 6434.19 17.78 6403.85 59.09 6344.30 171.58 4.41 3.92 2.95 

IRP2-15c-2p-2v_4 7473.57 7494.30 18.11 7479.55 54.75 7313.29 58.06 0.28 0.08 -2.14 

IRP2-15c-2p-2v_5 6762.44 7123.85 20.75 7059.03 37.13 6880.47 90.34 5.34 4.39 1.75 

IRP2-15c-2p-3v_1 6492.14 6234.55 31.22 6166.80 133.83 6115.42 48.22 -3.97 -5.01 -5.80 

IRP2-15c-2p-3v_2* 7769.04 7508.02 29.30 7481.13 115.70 7447.90 52.11 -3.36 -3.71 -4.13 

IRP2-15c-2p-3v_3* 6605.37 6501.01 28.23 6472.69 126.99 6387.17 47.16 -1.58 -2.01 -3.30 

IRP2-15c-2p-3v_4 7407.92 7531.63 27.02 7489.17 94.39 7437.39 52.53 1.67 1.09 0.39 

IRP2-15c-2p-3v_5 7032.70 7067.06 38.00 7056.40 64.05 6899.28 55.83 0.49 0.34 -1.90 

IRP2-15c-3p-2v_1 9401.20 9260.29 18.53 9252.85 58.53 9070.48 126.92 -1.50 -1.58 -3.52 

IRP2-15c-3p-2v_2 10734.98 10741.04 18.70 10718.91 55.56 10552.56 60.69 0.06 -0.15 -1.70 

IRP2-15c-3p-2v_3 10573.23 10541.97 18.74 10489.94 67.42 10353.41 98.11 -0.30 -0.79 -2.08 

IRP2-15c-3p-2v_4 9867.36 9894.74 19.47 9860.49 42.36 9710.95 82.48 0.28 -0.07 -1.59 

IRP2-15c-3p-2v_5 9981.66 10004.49 19.47 9945.18 39.44 9714.24 35.50 0.23 -0.37 -2.68 

IRP2-15c-3p-3v_1* NS 9291.94 32.25 9298.61 83.45 9139.38 91.50 - - - 

IRP2-15c-3p-3v_2* NS 10821.51 28.06 10796.10 74.34 10698.66 55.13 - - - 

IRP2-15c-3p-3v_3 10939.28 10588.97 29.94 10561.92 75.52 10346.76 60.89 -3.20 -3.45 -5.42 

IRP2-15c-3p-3v_4 10526.71 9942.43 27.81 9946.83 56.05 9778.64 60.69 -5.55 -5.51 -7.11 

IRP2-15c-3p-3v_5* NS 10031.53 27.19 9998.97 55.55 9824.75 61.77 - - - 
*NS – No solution by CPLEX after the pre-specified time limit 

Average gaps of solutions obtained from CARE1, CARE2 and CARE3 against CPLEX 

upper bound, for datasets are shown in Table 6. On an average, solutions obtained for 15 

warehouse datasets using CARE1, CARE2, CARE3 are found to be -0.94%, -1.36% and -
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2.87% lower than that of the CPLEX solution. Similarly, for 20 warehouse datasets solutions 

given by CARE heuristics (CARE1: -3.6%, CARE2: -4.26%, CARE3: -6.08%) are found to be 

better than the CPLEX solutions. This clearly shows that heuristics perform well with respect 

to upper bound solutions for most of the cases. Average computational time for solving 12 

datasets by CARE1, CARE2 and CARE3 are shown in Figure 8.  

Table 5. Computational Results (Problems with 20 Warehouses)  

Problem Instance 
CPLEX 

UB ($) 

CARE 1 CARE 2 CARE 3 
Deviation from CPLEX 

UB 

Total 

cost ($) 

CPU 

time(s) 

Total 

cost ($) 

CPU 

time(s) 

Total 

cost ($) 

CPU 

time(s) 

CARE1 

(%) 

CARE2 

(%) 

CARE3 

(%) 

IRP2-20c-2p-2v_1 8260.27 8031.25 23.72 7955.62 39.52 7784.62 381.36 -2.77 -3.69 -5.76 

IRP2-20c-2p-2v_2 8754.38 8820.24 18.70 8761.72 39.94 8607.50 143.78 0.75 0.08 -1.68 

IRP2-20c-2p-2v_3 7050.71 7472.02 20.39 7389.49 44.00 7130.90 776.97 5.98 4.80 1.14 

IRP2-20c-2p-2v_4 9596.89 9449.64 19.20 9342.29 48.95 8993.94 312.89 -1.53 -2.65 -6.28 

IRP2-20c-2p-2v_5 9140.73 8752.98 20.36 8683.53 43.13 8465.74 659.97 -4.24 -5.00 -7.38 

IRP2-20c-2p-3v_1 8494.67 7779.84 32.73 7748.81 70.88 7741.05 359.63 -8.42 -8.78 -8.87 

IRP2-20c-2p-3v_2* NS 8830.77 28.99 8782.49 73.47 8791.89 281.98 - - - 

IRP2-20c-2p-3v_3* 7982.18 7221.77 30.30 7165.08 108.55 7024.45 548.59 -9.53 -10.24 -12.00 

IRP2-20c-2p-3v_4* 9606.59 9337.52 34.83 9303.30 91.11 9180.88 257.22 -2.80 -3.16 -4.43 

IRP2-20c-2p-3v_5* NS 8692.91 34.22 8655.71 87.75 8519.18 503.09 - - - 

IRP2-20c-3p-2v_1 10887.93 10801.52 21.16 10681.37 52.27 10427.19 1467.28 -0.79 -1.90 -4.23 

IRP2-20c-3p-2v_2* 11757.02 11896.73 20.27 11805.16 53.52 11598.55 268.13 1.19 0.41 -1.35 

IRP2-20c-3p-2v_3 12626.29 12488.16 33.98 12412.08 44.06 12231.20 434.67 -1.09 -1.70 -3.13 

IRP2-20c-3p-2v_4 12117.31 12067.54 20.00 12020.19 46.34 11734.03 292.25 -0.41 -0.80 -3.16 

IRP2-20c-3p-2v_5 12348.58 12132.20 22.91 12063.99 42.19 11922.72 358.00 -1.75 -2.30 -3.45 

IRP2-20c-3p-3v_1 11541.12 10782.31 43.44 10717.61 77.36 10486.95 181.95 -6.57 -7.14 -9.13 

IRP2-20c-3p-3v_2* 12630.50 11912.35 51.50 11866.53 57.92 11653.96 165.84 -5.69 -6.05 -7.73 

IRP2-20c-3p-3v_3* NS 12387.49 33.03 12361.68 73.33 12248.86 160.81 - - - 

IRP2-20c-3p-3v_4* 13003.60 12040.24 28.89 11953.75 79.78 11745.32 228.05 -7.41 -8.07 -9.68 

IRP2-20c-3p-3v_5 NS 12160.99 28.97 12106.62 79.97 11972.00 379.00 - - - 
*NS – No solution by CPLEX after the pre-specified time limit 

CARE1, CARE2 and CARE3 outperformed the upper bound solutions given by 

CPLEX for large problem instances. However, for smaller problems, i.e., datasets with 10 

warehouses, CPLEX upper bounds are found to be better than the heuristics. Solutions given 

by CARE are found to be marginally poor when compared to CPLEX UB solutions (CARE1: 
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4.51%, CARE2: 4.37%, CARE3: 2.95%). This is due to the fact that the exact method is 

capable of providing the optimal solution. This behavior is also observed by (Moin et al., 

2012). The exact method can be useful only when the problem sizes are small. It shows the 

benefit of using the proposed heuristics for large sized industry problems. Among the 

proposed heuristics, CARE3 seems to perform better. On comparing the CPU times, solutions 

from heuristics were found significantly quicker than CPLEX solution without any 

compromise in the quality of the solution.  

 

Table 6. Mean Performance of CARE Heuristics 

Performance of CARE heuristics against CPLEX UB 

Dataset  CARE1 (%) CARE2 (%) CARE3 (%) 

1 6.62 6.50 4.55 

2 6.58 6.46 4.22 

3 2.37 2.08 1.40 

4 2.48 2.43 1.53 

5 2.22 1.50 0.05 

6 -1.35 -1.86 -2.95 

7 -0.25 -0.59 -2.31 

8 -4.38 -4.48 -6.26 

9 -0.36 -1.29 -3.99 

10 -6.91 -7.39 -8.43 

11 -0.57 -1.26 -3.06 

12 -6.56 -7.09 -8.85 
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Figure 8. Computational Times for CARE Heuristics  

The following inferences are drawn from the computational experiments: 

 For some cases, upper bound could not be obtained by CPLEX within the specified 

run time limit. 

 Average improvement over upper bound solution is higher for CARE3 than for 

CARE1 and CARE2 in all the datasets.  

 CARE2 obtains reasonably better solutions than CARE1 for most of the datasets in 

marginally longer computational times.  

 Computational times for CARE3 grow with the problem size as it is an optimization-

based heuristic. 

 However, CARE3 obtains better solutions than the other two, but at the expense of 

increased computational time.  
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6. CONCLUSION 

This paper considers a supply chain with multiple manufacturers, a central depot, and 

multiple warehouses distributing multiple products. We have extended our research problem 

from the conventional single-stage, single-product IRP to include multiple products and 

replenishment decisions of central depot. The warehouses are catered by multiple 

manufacturers via a central depot using the merge-in-transit principle. We consider the 

customer service objective by enforcing the safety stock levels at the warehouses as a 

constraint. The aforementioned constraints make the modeling a challenging task, despite this 

the problem was modeled as an ILP and solved using CPLEX with a run time limit for 

obtaining comparable feasible solutions. In order to reduce the computational complexity, a 

heuristic procedure is proposed to solve the NP-hard problem. In this heuristic, lot sizing and 

inventory routing problems are considered in an integrated manner and the problem is solved 

in two parts: lot sizing and CIRP. Dynamic Programming is used for lot sizing and the CIRP 

is solved using CARE heuristics sequentially. Three variants of CARE heuristics are 

developed to arrive at the best possible route. CARE1 uses SA to determine the routes with 

an initial solution generated randomly while CARE2 uses SA with an initial solution obtained 

from SFLA. CARE3 solves the routing phase optimally using an ILP. 

Solving the present problem using exact method requires enormous computational 

effort when the network has multiple stages and products, as it is usually the case in practice. 

However, the proposed heuristic solves the problem in a reasonable computational time. 

Solutions are also seen to be superior for large size problems compared to the benchmark of 

upper bound solutions obtained from CPLEX. This proves the potential of the proposed 

heuristics to handle large-sized, real-time problems. 

Incorporating multiple criteria in the objective can further extend the present study. In 

order to maximize customer service levels, constraints like time windows, delivery time limit, 
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could be added. Forecasting the demand of warehouses can also be integrated with the 

problem. Some other extensions also include considering travel time, loading/unloading time 

and warehouse operating time in the model.  
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